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Abstract 



We develop the analogue in equal positive characteristic of Fontaine's theory for crystalline Galois 
representations of a p-adic field. In particular we describe the analogue of Fontaine's functor 
which assigns to a crystalline Galois representation an isocrystal with a Hodge filtration. In 
equal characteristic the role of isocrystals and Hodge filtrations is played by z-isocrystals and 
Hodge-Pink structures. The later were invented by Pink. Our first main result in this article 
is the analogue of the Colmez- Fontaine Theorem that "weakly admissible implies admissible". 
Next we construct period spaces for Hodge-Pink structures on a fixed z-isocrystal. These period 
spaces are analogues of the Rapoport-Zink period spaces for Fontaine's filtered isocrystals in 
mixed characteristic and likewise are rigid analytic spaces. For our period spaces we prove the 
analogue of a conjecture of Rapoport-Zink stating the existence of interesting local systems on 
a Berkovich open subspace of the period space. As a consequence of "weakly admissible implies 
admissible" this Berkovich open subspace contains every classical rigid analytic point of the period 
space. As the principal tool to demonstrate these results we use the analogue of Kedlaya's Slope 
Filtration Theorem which we also formulate and prove here. 
Mathematics Subject Classification (2000): 11G09, (13A35, 14G20, 14G22) 
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Introduction 

In [30] Grothendieck posed the problem to define a functor (the "mysterious functor") relating 
the p-adic etale cohomology H|^.(X;^, Qp) of a proper smooth scheme X over a p-adic field K 
with good reduction to the crystalline cohomology H^jg(X) of X. This functor had before been 
constructed by Grothendieck [30] and Tate [55] in case X is an abelian variety. The first step to 
solve the problem was Fontaine's [27] definition of a functor from suitable p-adic representations of 
Gal{K^^'P / K) , such as Ill^.{Xj^,Qp), which Fontaine called crystalline to filtered isocrystals, such 
as HJ,j,jg(X) with its Hodge- Tate filtration whose existence was established by Deligne-Illusie [20]. 
The problem was finally solved by Faltings [25] who showed that indeed H|^ {^k'i Qp) crystalline 



1 



when X is proper and smooth over K with good reduction. See for example [36] for a survey of 
this theory which is cahed p-adic Hodge Theory. 

There remained various open questions. One of them is to describe which filtered isocrystals 
arise from crystalline Galois representations. These were called admissible. There is a numerical 
criterion which is easily seen to be necessary and the filtered isocrystals satisfying this criterion 
were called weakly admissible. Fontaine conjectured that weakly admissible implies admissible 
and this was proved by Colmez- Fontaine [19]. Meanwhile there are many more ways to prove this 
conjecture [17, 6, 42]. An important approach uses the relation with p-adic differential equations 
(also called (99, r)-modules over the Robba ring) introduced by Berger [5], and the Slope Filtration 
Theorem of Kedlaya [41] which says that every (/^-module over the Robba ring admits a filtration 
with isoclinic factors of increasing slopes. 

In this article we want to develop the analogue for part of p-adic Hodge theory in the Arith- 
metic of Function Fields over Finite Fields. We call this analogue Hodge-Pink Theory for rea- 
sons we give below. We should make clear from the beginning that we concentrate here on the 
analogue of Fontaine's theory which relates crystalline Galois representations of p-adic fields to 
filtered isocrystals. We cannot say anything about the relation of our theory with the cohomology 
of varieties in positive characteristic. Let us explain the translation from p-adic Hodge theory to 
Hodge-Pink theory, p-adic Hodge theory is a sector of the arithmetic of the local field Qp and its 
ring of integers Zp. In the Arithmetic of Function Fields the later are replaced by the Laurent 
series field ¥q{{z)) over the finite field ¥q with q elements and its ring of integers, the power series 
ring Fg|[z]. The ring of Witt vectors W{k) over a perfect field k containing ¥p is replaced by the 
power series ring ilz} over a perfect field i containing Fg. There even is no need to require £ to 
be perfect. The Frobenius lift on £|[z] is the endomorphism 

a : ilzj — > £lzj , z^z, 6 ^ 6Mor all 6 G £ . 

Thus the role of the natural number p in mixed characteristic is taken over by the indeterminant 
z in equal characteristic. But p enters in p-adic Hodge theory in a twofold way. Firstly it 
is the uniformizing parameter of W{k) and secondly it is an element of the base field K over 
which the objects like varieties, Gal(ii'^^P/ii')-representations, and filtered isocrystals are defined. 
The necessity to separate these two roles of p in equal characteristic and to work with two 
indeterminants z and C was first pointed out by Anderson [1]. The moral reason is that the 
natural number p never can act on a module or vector space as anything else than the scalar p 
whereas there is no such restriction on z. Hence we use z for the uniformizing parameter of the 
analogue of W{k) and ( for the element of the base field L and we let a acts as the g'-Frobenius 
on L and C- (Strictly speaking this distinction between the two roles of p is also searched for in 
Fontaine's theory where an object, called [p] by Colmez [18], is constructed that behaves like our 
(, whereas p behaves like our z.) 

Now the concept of F-isocrystal over k is translated into a finite dimensional £((z))-vector space 
D together with an isomorphism Fo : a*D D, where we abbreviate a*D := D 0e{{z)),a ^ii^))- 
We call the pair {D, Fd) a z-isocrystal over £. The parallel between F-isocrystals and z-isocrystals 
reaches quite far, see [32] . The analogue of filtered isocrystals is defined as follows. Let L be a field 
extension of Fy (((")) which is complete with respect to an absolute value ] . ] : L ^ M>o extending 
the absolute value on Fg((C)). Let Ol be its valuation ring and let i be its residue field. Assume 
that there is a fixed section £ ^ Ol of the residue map — > This induces in particular a 
homomorphism £{{z)) — > L[[z — into the power series ring over L sending z to z = ( + {z — Q. 
We make the following 

Definition. A Hodge-Pink structure over L on the z-isocrystal {D, Fd) is an Liz — ("|-lattice c\d 
inside a*D L{{z - Q). 
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Every Hodge-Pink strueture determines in particular a Hodge-Pink filtration Fil* on the L- 
vector space := a*D ®i([z)) ~ Cl/(^ ~ C) = '^e{{z)),z^c ^ by letting Fil^Di be the 
image of 

u*D ®^((^)) Liz - CI n {z- Q\d 

in Dl. Note that z acts on Dl as the scalar C,. However the fact that z and C, both play part 
of the role of p makes it necessary to consider Hodge-Pink structures instead of only Hodge-Pink 
filtrations to get a reasonable category. This was first observed by Pink [48] who developed Hodge 
theory over Fg((2;)) under this viewpoint and for this reason we propose the name "Hodge-Pink 
Theory". In Remark 2.2.3 we discuss more reasons for the necessity to consider Hodge-Pink 
structures instead of Hodge-Pink filtrations. 

To a z-isocrystal with Hodge-Pink structure D.= {D-, Fd, qo) of rank n over L one associates 
two numerical invariants, its Newton slope tj^iD) and its Hodge slope tH{D). The former is the 
slope of A'^{D,Fd), that is ord2(detFD) with respect to any £((z))-basis of D. The later is the 
integer e such that A"q/) = {z — C)~^ a*D ^Je(iz)) ~ Cl- As one now might expect _D is 
called weakly admissible if tniD) = tNiD) and tniD.') ^ iN{D.') for any subobject C D, that 
is Fo-stable £((2;))-subspace D' c D and lattice qn' C qD n a*D L(lz — (")). 

To define the analogue of Fontaine's functor and the notion of admissibility the guiding 
observation is the following. If is a finite extension of Qp with ring of integers Ok, Kisin [42, 
Theorem 0.3] has shown that any crystalline representation of Gal{K^^P / K) with all Hodge- Tate 
weights equal to or 1 arises from a p-divisible group over Ok- The proof builds on work of 
Breuil [14, 15] and uses an intermediate category BT^g(g)Qp whose analogue in equal characteristic 
is as follows. 

Definition. A local shtuka over Ol is a finite free 0i|z]-module M together with an isomorphism 

Fm: a*M[^^] ^ M[^^] 

where the appendage [jz^] stands for inverting z — (. A morphism f : M ^ N of local shtuka is 
a morphism of Ox, [[z] -modules which satisfies / o Fm = Fjsf o a*f. An isogeny of local shtuka is a 
morphism f : M ^ N such that for some morphism g : N ^ M the compositions fog and g o f 
equal multiplication with a power of z. 

With this terminology the category BT^g (K'Qp is the analogue of the isogeny category of local 
shtuka for which Fm is actually a morphism a*M — > M whose cokernel is killed by z—(^. Kisin [42, 
Theorem 0.1] goes on to show that the category of crystalline representations of Gal{K'^'^P / K) 
is equivalent to a full subcategory of the category analogous to the isogeny category of all local 
shtuka. This observation has lead A. Genestier and V. Lafforgue [28] in case L is discretely valued 
to construct a functor H from local shtuka over Ol to z-isocrystals with Hodgc-Pink structure 
over L and to call the objects in the essential image of H admissible. In Section 2.3 we extend the 
construction of H to arbitrary L and investigate its properties. Also in Remark 2.3.5 we present 
some more reasons for this use of the term "admissible" which expresses the opinion that local 
shtTika arc the appropriate analogue of crystalline Galois representations and H is the analogue 
of the mysterious functor. On the other hand, to a local shtuka AI of rank n over Ol one can 
associate its Tate module 

TzM := {x G M ®oa4 -^''1^1 ■■ Fm{ct*x) = x } 
which is a free F^Kz] -module of rank n and defines a Galois representation 

PM- Gal(L^^P/L) GLn{¥g{{z))) . 
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This provides the link between local shtuka and Galois representations. 

Now every admissible z-isocrystal with Hodge-Pink structure is weakly admissible. The main 
result of Chapter 2 is the following 

Theorem 2.5.3. If the value group of L is not q-divisible then every weakly admissible z-isocrystal 
with Hodge-Pink structure over L is already admissible. 

The actual hypothesis on the base field L in Theorem 2.5.3 is even weaker. The later result 
was previously obtained by Genestier-Lafforgue [28] for discretely valued L with perfect residue 
field. Our proof is entirely different and ajar to the proofs of Berger [6] and Kisin [42] in mixed 
characteristic. For L with g-divisible value group we present weakly admissible Hodge-Pink 
structures which are not admissible in Example 3.3.2. 

In Chapter 3 we construct period spaces for Hodge-Pink structures analogous to the period 
spaces for filtered isocrystals of Rapoport-Zink [51]. To any fixed z-isocrystal {D,F£)) over F^'^ 
and fixed numerical invariants the period space TC"°' parametrizes all weakly admissible Hodge- 
Pink structures on {D,Fd). It is an admissible open rigid analytic subspace over F^^((C)) of 
an algebraic variety. But contrary to mixed characteristic this algebraic variety is not a partial 
flag variety but a partial jet bundle over a partial flag variety. This corresponds to the fact 
that the Hodge-Pink structure contains more information than just the Hodge-Pink filtration; see 
Remark 2.2.3. To reveal their full information these period spaces are best considered as Berkovich 
spaces (see Appendix A. 2) instead of rigid analytic spaces. The reason is that one should not only 
consider their classical rigid analytic points (whose residue field is finite over Ff S((C))) but also 
their L- valued points for complete extensions L of ¥q^^{(()) as above. Namely the z-isocrystals 
with Hodge-Pink structure at the former points are all admissible by Theorem 2.5.3 whereas this 
is not true for the later points. The Berkovich space associated to H™"' naturally contains also 
the later points. Our second main theorem is 

Theorem 3.2.2. The set of admissible Hodge-Pink structures is Berkovich open inside the 
period space Ti.^"'. 

By Theorem 2.5.3 it contains all classical rigid analytic points. We further show that both 
spaces are connected. In Example 3.3.2 we show that may be strictly smaller than H'^"'. This 
means that when viewed as rigid analytic spaces the morphism Ti."' TY""^ is etale and bijective on 
classical rigid analytic points but need not be an isomorphism of rigid analytic spaces. Then the 
two rigid analytic spaces have the same underlying set of points but differ by their Grothendieck 
topology. Our third main result says that not only every point of H"' is admissible but that 

Theorem 3.4.3. There exists an admissible formal scheme X over SpfFg ^[Cl such that its 
associated rigid analytic space X"^ is an etale covering space ofH"', as well as a local shtuka over 
X giving rise to the universal z-isocrystal with Hodge-Pink structure on 7^". 

As a consequence the Tate module of this local shtuka over X defines a local system V of 
¥q{{z))-YectoT spaces on X'^^^ which descends to H^. For any geometric base point x of H"" with 
underlying L-rational point x this local system even gives rise to a representation of the etale 
fundamental group Trf'{Ti."',x) 

pv: 7rf(7i",x) GLn 

such that the composition with Gal{L^^P / L) = 7rf*(x,x) — >■ 7Tf'{H°',x) yields the Galois represen- 
tation pm^ associated to the local shtuka at x from above. This situation is analogous to a 
conjecture of Rapoport-Zink [51, p. 29]. Namely, to a reductive algebraic group G over Qp and 
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fixed numerical invariants Rapoport-Zink consider the period space T"^"" of weakly admissible fil- 
tered isocrystals. They conjecture the existence of a morphism J-' J-"^"" of rigid analytic spaces 
which is etale and bijective on classical rigid analytic points, and of a local system of Qp-vector 
spaces on J-' which for any geometric base point x of with underlying A'-rational point x 
induces a representation of the etale fundamental group p : 7rJ*(^',x) G such that the com- 
position of p with Gal{K^^P/K) = 7rf'{x,x) —>■ nf'lT'jx) yields the Gal(iir'^'^P/K)-representation 
associated by Fontaine's inverse functor to the filtered isocrystal corresponding to x. 

Our main tool to prove these results is an analogue of Kedlaya's Slope Filtration Theorem [41] 
for (^-modules over the Robba ring. The later comes into play in p-adic Hodge theory through 
Berger's construction assigning to a filtered isocrystal (D, F^, Fil*) over K a r)-module over 
the Robba ring which is a modification of (D, F^) at the zeroes of log[e] . These zeroes are precisely 
the cr-translates of the point corresponding to the maximal ideal of -Bj^. (Using the notation of 
Colmez [18, §5.6] we like to view as the complete local ring at the point of Specyl+ given by 
the ideal (p — [p]). This point of view is inspired by the situation in equal characteristic which 
we expose in this article.) Correspondingly we consider the point z = ( of L{^)[z^^] and its 

(T-translates z = (^'^\ i G Nq. For a z-isocrystal with Hodge-Pink structure {D, FD,q£)) over L 
we modify the cr-module a*{D,FD) ^e{{z)) L{^)[z~^] at z = for z G Nq according to the data 
given by qo- Here L(|) is the Tate algebra of convergent power series on the disc {\z\ < \C\}- We 
obtain a cr-module over the ring of rigid analytic functions on the pointed disc {0 < \z\ < \C\}- 
We denote this ring by L{^,z^^} and view it as the analogue of the Robba ring. Note that the 
elements of L{^)[z~^] have at most poles at z = whereas the elements of L{^,z~^} may have 
essential singularities. Our analogue of the Slope Filtration Theorem is then the following 

Theorem 1.7.7. Let M be a a-module over L{^,z~^}. Then there exists a unique filtration 
= Mo C Ml C . . . C M^ = M of M by saturated a-submodules with the following properties: 

(a) For i = 1, . . . , i the quotient Mi/Mi^i is isoclinic of some slope Si, 

(b) si< ... < Si. 

As in Kedlaya's theory the isoclinic cr-modules descend. 

Theorem 1.7.5. Let M be a a-module over L(|-,z^^} which is isoclinic. Then there exists an 
isoclinic a-module M' over L{^)[z~^] with M' (g) L{^,z~^} = M. It is unique up to canonical 
isomorphism. 

The demonstration of these two theorems takes up the entire Chapter 1. We may even prove 
the later result over arbitrary affinoid L-algebras B in place of L. This generalization to families is 
in fact the key to prove the analogue of the Rapoport-Zink conjecture. Note that in p-adic Hodge 
theory it is as yet impossible to set up Theorem 1.7.5 in a relative version because the theory of 
the field of norms docs not exist over arbitrary affinoid Qp-algcbras. However Andrcatta [3] and 
Brinon [16] have made some progress in this direction. In equal characteristic the relative version 
over B of the Robba ring is just the ring B{^,z^^} of rigid analytic functions on the relative 
pointed disc {0 < \z\ < \(\} over B and the theory of the field of norms is trivial. The situation 
is more transparent here since we can separate the two roles of p into the two indeterminates 
z and ^ and moreover, since the phenomenon of ramification of field extensions K of Qp is not 
so dominant in equal characteristic. If these difficulties in mixed characteristic can be overcome 
our arguments presented here could be translated to mixed characteristic to yield a proof of the 
original conjecture of Rapoport-Zink. 

Although rigid analytic geometry and even its variant introduced by Berkovich [7, 8] enter at 
various places we have tried to make this article accessible to readers without much background 
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in rigid analytic geometry by working most of the time with modules over affinoid algebras rather 
than sheaves on rigid analytic spaces. Also we review the facts we need from rigid analytic 
geometry in an appendix. 

Acknowledgements. I would like to thank V. Berkovich for his numerous explanations, and A. 
Genestier and V. Lafforgue for their interest in this work and many helpful discussions. 
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Chapter 1 

The Slope Filtration Theorem 



In this chapter we formulate and prove the equal characteristic analogue of Kedlaya's [41] Slope 
Filtration Theorem from p-adic Hodge theory. The later is a powerful tool that has given rise 
to proofs of various famous conjectures, like the conjectures that "weakly admissible implies 
admissible" [6, 42], that "de Rham implies potentially semistable" [5, 41], or Crew's conjecture 
which is also called the f»-adic local monodromy theorem [40]. The results that we obtain in 
this chapter will enable us to prove the equal characteristic analogues of the fact that "weakly 
admissible implies admissible" in Chapter 2 and the conjecture of Rapoport-Zink mentioned in the 
introduction in Chapter 3. We follow in large parts Kedlaya's [41] proof in mixed characteristic. 
Nevertheless we present full proofs here for two reasons. First of all in the function field case 
various arguments can be somewhat simplified. And secondly we formulate and prove some 
analogues of Kedlaya's results in a relative situation. This is necessary for applications to the 
analogue of the Rapoport-Zink conjecture. 

1.1 Notation 

In this article we denote by 



No the set of non-negative integers, 

the finite field which has q elements and characteristic p, 
^qiCJ the ring of formal power series over ¥q in the indeterminant ^, 

^^((C)) its field of fractions, 

R D Fg|[Cl a valuation ring of Krull dimension one which is complete and separated with 
respect to the ^-adic topology (it is not assumed to be noetherian), 

L, xnR the fraction field and the maximal ideal of R, 

L the completion of an algebraic closure of L. It is again algebraically closed. 

We say a field K is a complete extension of L, if is a field extension of L equipped with a 
valuation | . | : K —> M>o which restricts on L to the valuation of L and if K is complete with 
respect to this valuation. We further denote by 

B an afHnoid L-algebra with an L-Banach norm | . | (see Appendix A.l), 

B^zJ the ring of formal power series over B in the indeterminant z, 

Blz^[z~^] the ring of Laurent series over B in z with finite principal part. 



For rational numbers r and r' with r' > r > we define the following B-algebras 
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^(f) = {J^biz'eBlzj: |6,||Cr^0 (woo)}, 

i=0 

CO 

= { Yl biz' e Blz}[z-'] : Id" ^ oo) }, 

i3>— oo 

B{^4) = { hz^: |6.||Cr^0 (i--oo)}, 

i=— oo 

oo 

^(f'^) = { E^^^'^ \h\\cr^o{i^oo), |6,|icr'^^o (i^-oo)}, 

i=— oo 

oo 

B{-^,z-'} = fl = { 5^6,/: |6i||Cr''^0 (i^±oo)forallr'>r}, 

r' — ^■oo oo 

oo 

^{^'^) = n^(f'^) = { J^biz'- l^dlCr^O (i^±oo)forallO<r<r'}, 

) — >0 j=— oo 

oo 

B{z,z-^} = P = { J2 biz' ■■ Id" ^ ±00) for all r > }, 

) — >o «=— 00 

B{z} = f]B{-^), 

II . Ilr- as the norm on B{-^, ^) given by \^ hiZ^ := max |6i| |d"- 

^ II ^ — ' r ieZ 

Although the above definitions make sense for arbitrary r we consider in this article only the 
case were r and r' are positive. Observe that these 5-algebras do not depend on the particular 
choice of the Banach norm on B since all such norms induce the same topology on B. We extend 
the Banach norm | . | on i? to matrices A = {A^^i,) G M^xniB) by setting 1^41 := max|74y;^iy| and 
similarly for || . ||r ■ We let 

a : X ^ x'^ be the "endomorphisms" of the above S-algebras which act as the identity 
on z and as, h ^ h'^ on the elements b E B. 

Note that a is not quite an endomorphism oi B{-^) but only a homomorphism a : B{-^) ^ B{-^) 
and similarly for B{-^)[z~^\ and B[-^,z~^}. If TZ is one of these i?-algebras we let TZ'^ be the 
target of o" : 7?, — > Vf . So for example {^B{-^)Y = B{-^) and similarly for B{^)[z~^] and 
B{-^,z~^}. Note that in addition there is also a natural inclusion of 5-algebras 

L-.n^w, J2biz' ^J2biz' . 

Furthermore, in the case TZ = B{-^, ^) with r' > qr we set TZ"^ := B{-^, ^) and in the cases 

7^ = Blzj, Blzj[z-^], B{^), B{z, and B{z, z^^} we set W := 7^. Then the above pattern 
also holds in these cases. Note the following rules for || . which are straightforward to prove: 

Lemma 1.1.1. (a) a E B {-^ , ^) if and only if a"^ & B {-^ , . 

(h) For all a G B{-^, ^) we have \\a'^\\qr = ||o||r- 
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(c) In particular for a = X]j<o o-i^^ £ -^(%) have 



= maxla^l ICr^ < max(|ad ICrn^ = ||a||« 
i<0 ' ~ i<0 ^ ' 



(d) The norm || . \\r is an L-Banach norm on B{-^, on B{^) and on B{-^). 

(e) For matrices A,A^ B{-^,^) we have \\AA\\r < \\A\\r ■ \\A\\r. 

The S-algebras defined above have an interpretation in terms of rigid analytic geometry (see 
Appendix A.l). For positive rational numbers r and r' let ©(r) = SpL(^) be the disc with radius 

\(^\, and if r' > r let A{r,r') = SpL(^,^) be the annulus with inner radius IC'l and outer 

radius \(^^\. Moreover, let ©(r) be the admissible open subspace of D(r) which is the complement 
of the point z = 0, and let B(0)° be the union of D(r) for all r > 0. It is the open punctured 
unit disc on which < |z| < 1 and is also an admissible open subspace of D(0). Then B{-^) is 

the ring of global rigid analytic functions on the relative disc Sp B D(r), B{-^, ^) is the ring 
of global rigid analytic functions on the relative annulus SpB Xi A{r,r'), B{-^, z^^} is the ring 

of global rigid analytic functions on the relative punctured disc SpB X£^ ^(r), and B{z, z~^} is 
the ring of global rigid analytic functions on SpB Xl 0(0)°. In particular if S = L is a field 

then Lfz}, L{{z)) = Llz}[z~^], L{-^), L{-^)[z''^], and L{-^, ^) are principal ideal domains (by 
Lemma 1.1.2 below). 

The reader should note that in case B = L the rings L{^)[z^^], L{{z)), and L{^, z^^} are the 
equal characteristic analogues of the rings that Kedlaya [41] calls FconiTr"^], r[7r~^], and Tan, com 
respectively, and Colmez [18] calls Bl, and i?tg ^, respectively. Also note that it is clear how 
to define relative versions over affinoid algebras of these rings in equal characteristic, whereas the 
same task is not at all obvious in mixed characteristic to say the least. 

The following lemma is proved in [45, Proposition 4] and the subsequent corollary. 

Lemma 1.1.2. The rings L{-^) and L(^,^) are principal ideal domains. Every element f G 

L{^) (respectively f G L{-^,^)) can be written in the form f = ug for a unit u G L{-^)^ 

(respectively u G L{-^ ,^)^ ) and a polynomial g G L[z] whose zeroes x E L all satisfy \(^'\ < 
\x\ < IC^I (respectively \x\ < \C^\)- Moreover, u and g are uniquely determined up to a constant 
factor in . 

Lemma 1.1.3. Let L' be a finite Galois extension of L and extend the action o/Gal(L'/L) to 
L'{-^, z~^} by the trivial action on z. Then 

(a) the fixed subring of L' {-^ , z"^} under the action ofGal{L'/L) is equal to L{-^, z~^}. 

(b) the fixed subring of the fraction field Frac(L'(^, z^^}) under the action of Ga\{L'/L) is 
equal to Frac(L(47, z~^}) . 



Proof. Assertion (a) is straight forward to prove. To prove (b) let x,y G L'{-^,z ^} such that | 
is fixed under G = Gal{L'/L). Set y' = HgeG^y ^^"^ ^' ~ y'^/V- Then both y' and x' belong to 
L'{-^,z~^} and are fixed under G. By (a), x',y' G L{-^,z~^} and f = §7- G Prac L(^, z""^} as 
claimed. □ 
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We end this section by recording the fohowing two lemmas which are basic tools in estimating 
radii of convergence. 

Lemma 1.1.4. Let A = Y.Zo^i^' ^ M„(5(^)) be a matrix and let x = Y.'jLo^j^^ ^ ^W" 
be a vector satisfying = Ax. Then x belongs to 

Proof. Since A G M„(i?(^)) there is a constant c with < c for all i. We expand the 

equation a:;*^ = ^4 x as 

1=0 

In view of iCl < 1 this implies the estimate 

\xjC^\i < c • max{ \xiC\ : 0<i<j} 

from which one easily computes IxjC'^-'l < c^/^'^~^\ In particular x G B{-^)'^. But now the 
equation x"^ = Ax shows that x'^ G hence x G as desired. □ 

Lemma 1.1.5. Let A = YT=o^iz' ^ Af„(S(^)) and let x = Ej~-oo^i^^ ^ ^(f,f )®" 
x-Ax" e Then x G 5(f 

Proof. There is a constant c > 1 with l^iC^*! ^ c for all i. Assume that x does not have 
finite principal part. Since x G 5(1,1)®" we can find a negative integer m with a;^ 7^ 0, 
Xm - YX=o ^i^m-i = 0' l^^mC""! =■ d < c'^ , and Ixm-iC""''] < d for all z > 0. We obtain 

IxmCl < |CM-|max{|Ar||x^_,C^— ''^l} < cd" < d, 

a contradiction. □ 



1.2 cr-Modules 

Definition 1.2.1. We let TZ be one of the S-algebras Blzj, Blzj[z~'^], B{-^), B{f^)[z~'^], or 

B{-^, For an 7^-module M we abbreviate a*M := M ®Ti,a and i*M := M ®Ti,i A 
a -module over 7^ is a pair (M, Fm) consisting of a locally free coherent 7^-module M together with 
an isomorphism of 7^°'-modules Fm '■ cr*M l*M. We will usually abuse notation and write 

Fm '■ (y*M > M instead. The rank of a d-module M is by definition the rank of its underlying 

locally free module. It is denoted rkM. The abelian group Hom(j(M, A^) of morphisms between 
two (7-modules M and N consists of all homomorphisms f : M N oi "/^.-modules which satisfy 
FNoa*f = i*foFM. 

Remark. The definition of a-modules over BlzJ and over also makes sense if B is an 

arbitrary Fg-algebra. The later setting is of importance in studying the reduction modulo ( of 
(T-modules and we will work in this framework in Chapter 2. 

To define d-modules over B{-^,z-^} and B{z,z-^} we have to work with sheaves on the 
corresponding rigid analytic spaces mentioned above. This could be done also for the affinoid 

S-algebras B{-^), and B{^,^). In view of [11, Proposition 7.3.2/3 and Theorem 9.4.3/3] we 
get for these an equivalent definition as follows. 
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Definition 1.2.2. Wc let TZ be one of the i?-algebras just mentioned. A a-module over TZisB. pair 
(M,Fm) consisting of a locally free coherent sheaf M on the rigid analytic space corresponding 
to TZ together with an isomorphism of coherent sheaves Fm ■ a*M l*M on the rigid analytic 
space corresponding to TZ"^. The rank rkM of a a-module M is by definition the rank of its 
underlying locally free sheaf. The abelian group Homcr(M, A^) of morphisms between two a- 
modules M and N consists of all homomorphisms of coherent sheaves f : M ^ N which satisfy 
FNoa*f = i*foFM. 

The reader who prefers the more down-to-earth formulation with rings and modules should 
note that by Proposition 1.4.1 below the study of cr-modules over B{-^,z~^} is equivalent to the 

study of fj-modules over B{-^,^). Moreover, o"-modules over B{z,z~^} arc of minor, mainly 
technical interest in this article. So it is safe to work with Definition 1.2.1 throughout. 

We want to introduce a few operations on (j-modules. Let TZ be one of the above i?-algebras 
and let M and A'' be a-modules over TZ. The tensor product M A" is defined in the obvious 
way as the tensor product of the underlying locally free modules M (8)7^ N with the isomorphism 
Fm^n = Fm <8) Fjy. Likewise symmetric and alternating powers are defined. The cr-module 
(TZ, F = a) is a unit object for the tensor product. 

The inner horn Ti.om{M, N) is defined as the inner hom of the underlying locally free modules 
H = 7iomn{M,N) together with Fh : cr*H H, f ^ Fn o f o F^ . In particular the 
dual of a cr-module is defined as = Tiom[M, {TZ, a)) . These definitions satisfy the usual 
compatibilities and make the category of c-modules over TZ into an additive rigid tensor category; 
see [21]. It is F^lzJ-linear and even Fg((2:))-linear if z is invertible in TZ. If in Definition 1.2.1 we 
allow arbitrary coherent 7?.-modules M instead of only locally free ones and arbitrary morphisms 
Fm ■ a*M —>■ l*M instead of only isomorphisms, we obtain an abelian category. The category of 
(7-modules is a full subcategory of this abelian category. 

Definition 1.2.3. A short exact sequence of cr-modules over TZ 

^ M' ^ M ^ M" ^ 

is a sequence of cr-modules such that the underlying sequence of coherent 7?.-modules is exact. 
Note that this implies that the submodule M' C M is saturated. The category of cr-modules with 
these short exact sequences is an exact category in the sense of Quillen [50, §2]. 

Definition 1.2.4. Let TZ C TZ' he an inclusion of two B-algebras of the above types (over the 
same B) and let M be a a-module over TZ' . An 7?.-submodulc A C M with A ^-ji TZ' = M is 
called an TZ-lattice in M. We say that A is F -stable if Fm maps a* A into i*N . Clearly . ®tiTZ' 
is a faithful Fq[2:| -linear exact tensor functor from a-modules over TZ to a-modules over TZ' . 

For later reference we record a special case of Lemma 3.6.2 from [41], which applies to more 
general situations than the one considered above. Namely, let TZ ^TZ' he an inclusion of principal 
ideal domains containing ¥q equipped with compatible morphisms a : TZ ^ TZ'^ and a : TZ' ^ 
iJZ'Y . Let (M,Fm) be a a-module over TZ (definition as in 1.2.1) and let A' be a saturated 
a-submodule of M ®tiTZ' . We say that A^' descends to TZ if there exists a saturated a-submodule 
N oiM with N' = N0Tz TZ'. 

Lemma 1.2.5. [4I, Lemma 3.6.2] Let M he a a-module over TZ and let N' he a saturated a- 
submodule of M (^-jiTZ' . Put d := rk-jii N'. Then N' descends to TZ, if and only if the a-suhmodule 
A'^N' C (A<^M) TZ' descends to TZ. 

If C is a S-algebra which is itself an affinoid L-algebra there is a natural morphism from TZb 
to the corresponding C-algebra TZc- It gives rise to a pullhack functor M t-^ M ®-r.b from 
a-modules over TZb to a-modules over TZc- 
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Regarding the local freeness of cr-modules the following useful result is proved in [46, Satz 1.1] 
and the subsequent lemma. 

Lemma 1.2.6. Let M be a locally free coherent B{-^) -module. Then locally on the basis B 
the module M is free. That is, there exists an admissible affinoid covering {SpBi}i of the rigid 
analytic space SpB such that the pullback of M to Bi{-^) is free. 

Lemma 1.2.7. Let M be a locally free coherent B{-^, ^) -module. Then there exists an admis- 
sible affinoid covering {Spi?j}i of the rigid analytic space SpB such that the pullback of M to 

^iif^^z) is free. 

Proof. By [46, Satz 2] the restriction of M to SpB(^, ^) is free locally on the basis B. We can 
thus locally glue M with a free sheaf on SpS(^) to a locally free coherent sheaf on SpB(^). 
Since the later is free locally on the basis by Lemma 1.2.6 the same holds for its restriction to 
Sp5(^,^) which is M. □ 

In [46] its is even proved that the affinoid subdomains from these admissible coverings can be 
chosen to have large overlaps. The precise statement is best formulated using Bcrkovich spaces. 
Recall from Appendix A. 2 the definition of the Berkovich space M{B) associated to the affinoid 
L-algebra B. 

Lemma 1.2.8. Let M be a locally free coherent B{-^)-module (respectively B , ^) -module) . 
Then there exists a finite collection of affinoid L-algebras Bi D B defining affinoid subdomains, 

r' 

such that the pullback of M to Bi{-^) (respectively to Bi{-^, ^) ) is free, and such that {A^(i?i)}i 
is an affinoid covering of Ai{B) in the sense of Definition A. 2. 3. 



Example 1.2.9. Let us give the following fundamental examples of cr-modules. We denote the 
(7-module (Jt,F = a) by 0(0). Next assume that z is invertible in TZ. For every integer d we 
define the cr-module 0{d) over For more examples let d and n be relatively 

prime integers with ra > 0. Consider the matrix 



A. 



d.n 



/O: 
1 




z-'^\ 




G GL„(7e). 



(1.1) 



\ ■ 1 / 



Let Td,n = (^^ ) F = Ad,n ■ 1^) • It is a cr-module of rank n over TZ. As a special case if n = 1 we 
obtain J^cl,i = 0{d). We will say that a basis of J^d,n over 7^ is a standard basis if F is of the form 
■^d,n ■ with respect to this basis. 

Since we didn't want to overload the notation, the ring TZ over which these cj-modules are 
living is not visible in the symbols. We will compensate for this by always specifying over which 
TZ we consider the cr-modules 0{d) and J-'d,n- 



Let k be an algebraically closed field containing F^. As mentioned after definition 1.2.1 we may 
consider u-modules over k{[z)). The following theorem proved by Laumon [44, Theorem 2.4.5] is 
the analogue of the Dieudonne-Manin classification [47] of isocrystals over an algebraically closed 
field. 
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Theorem 1.2.10. Every a-module over k(lz)) is isomorphic to a direct sum ^j^^i ^di,ni where 
the di and Hi are integers with Ui > and (di,ni) = 1. The pairs {di,ni) are uniquely determined 
up to permutation. 

Corollary 1.2.11. Every a-module of rank 1 over k{(z)) is isomorphic to 0{d) for a uniquely 
determined integer d. 

Proposition 1.2.12. The a-modules Td,n over k{{z)) satisfy }ioma-{J^d,n, ^d' y) = f / ^• 

Proof. Let / G Homo-(J\i,n) ^d',n') with / 7^ 0. Then / corresponds to a matrix A G Mn'xnik^^)}) 
satisfying A^iy ■ = A ■ A^^n- In particular 

—d'n trr'^'^' a ait""'~^ ait""' a a ArT""'~^ —dn' a 

^dnj^a = ,n' = ^ " " ■ ■ ■ " ^d,n = Z '^'^ A . 

Since A has finite principal part this is only possible if d'n = dn', that is if ^ = ^. □ 



1 . 3 F-Invariant s 

Let again 7?. be a S-algebra of the above type. 

Definition 1.3.1. Let M be a cr-module over IZ. We define the set of F -invariants of M as 

M^{B) := {xeM: Fm((t*x) = x}, 
where we denote by a*x := a; 1 the image of x under M — > a*M = M ^n^a T^'^- 

In fact M^{B) is a module over the ring 0{Q)^{B) = {y G TZ : y"^ = y}. 
Proposition 1.3.2. Assume that B has no non-trivial idempotents. Then 

(a) O{0y{B) = Fqlzj if z is not inveHible in TZ. 

(b) 0{0)^{B) = ¥q{{z)) if z is inveHible in TZ. 

Proof. By definition 0{0)^{B) consists of all Laurent series y = hz^ G TZ with bj = bi, 

that is bi G ¥q since we have assumed that B has no non-trivial idempotents. In particular 
= 1 if 6j 7^ 0. Observing the convergence condition for TZ which are imposed on y the claim 
follows. □ 

Again it would be more accurate to formulate this definition in terms of sheaves. One proceeds 
as follows. Denote by tt* (respectively by tt*) the functor from 7^-modules (respectively TZ'^- 
modules) to S-modules coming from the inclusion B C TZ (respectively B C TZ'^). Denote by a^, 
the functor from T^.'^-modules to 7?.-modules coming from a : TZ ^ TZ'^. It is right adjoint to a*. 
Prom the commutativity of the diagram 

B ^ *- TZ 

B ^ ^ TZ" 



with UB '■ b ^ W we obtain vr^o"* = ((T_B)*7f*- By adjunction the morphism Fm '■ a*M > i*M 

induces a morphism ct^Fm : M ^ (7*i*M of T^'^-modules and further a morphism tt^g^Fm '■ 
7r*M — 7r*(T*<.*M of 5-modules. On the other hand the inclusion l :TZ ^ TZ'^ yields a morphism 
i : 7r*M 7f*t*M of 5-modules. 
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Now the S-module tt^M defines a sheaf of abehan groups on the etale site X^^ of the rigid 
analytic space X = Sp-B (see Appendix A. 3). Namely for any etale morphism / : y — > X we set 
W{'K^M){Y) = r(y,/*7r*M). In the same manner we obtain W{tt^l*M) and W{aB*TT*i*M). 
Note that the last two sheaves are equal as sheaves of abelian groups (since ctb only changes 
the scalar multiplication on them by B). Therefore we can consider the morphism of sheaves of 
abelian groups on X^^ 

W(TT^a^FM) - W{i) : VF(7r*M) ^ W{1^^l*M) . 

Definition 1.3.3. We define the etale sheaves and Mp on X^x as the kernel and the cokernel 
of W{TT^(Jt,FM) — W{i) in the category of etale sheaves of abelian groups on X^x- They are sheaves 
of F^l^;] -modules (and even F^((2;))-modules if z is invertible in TZ). 

Clearly M^(SpI?) coincides with M^{B) from Definition 1.3.1 since as usual the "presheaf 
kernel" already is a sheaf. In the special case where B = L we find 

Mf(L) = L*M/{FM{a*x) -X : xeM}. 

Thus for any a-module M over L{z,z^^} the Fq((z))-vector spaces (L) and Mf{L) are pre- 
cisely the ones which were denoted H°(M) and H^(M) in [9]. 

By the snake lemma every short exact sequence — M' ^ M — ^ M" — of cr-modules over 
TZ gives rise to a long exact sequence 

— > {M'Y — > — > {M'Y — > M'p — > Mf — > M'^ — ^ 0. 

Let M and N be a-modules over the 5-algebra TZ. Then Roma{M, N) = {Hom{N, M))'^\b) 
by definition. We further define 

Ext(,(A^,M) := {nom{N,M))p{B). 

The following proposition is proved by standard homological arguments as in [33, Proposition 
2.4]. 

Proposition 1.3.4. Let TZ he one of the above B-algebras for B = L and let M and N he 
a-modules over TZ. Then the group Ext^{N, M) classifies extensions (short exact sequences) of 
a-modules 

^ M ^ E ^ N ^0 
up to isomorphisms of short exact sequences that are identity on M and N. 

Let us remark that the proposition (and its proof) also hold for general B but we will not 
need this here. 

Proposition 1.3.5. Let M be a u-module over B {^)[z~^] which contains an F-stable B{^)-lattice 
N. Then the natural morphism 

(a) ^ (M (?) is an isomorphism and 

(b) Mf ^ — > [M ® B{^,z^'^]) p is infective. 

If moreover F : a*N ^ N is an isomorphism then the natural morphism 

(c) — — ^ (M (g) B|2;]][2;~^])''^ is an isomorphism. 
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(d) The sheaves i^N ®B\z\/ {z'"^)^^ form a local system (A. 4-4) of WglzJ -lattices on the rigid ana- 
lytic space SpB. The sheaf (A^(8)-B[z|)^ is the projective limit of ((NiSiBlz}/{z"^))^) 

Proof. Working locally on B we may by Lemma 1.2.8 choose a basis of N and write F with 
respect to this basis as a matrix A G Mn[B{-^)^ . 

To prove (a) note that the injectivity is obvious and tlic surj activity follows from Lemma 1.1.5. 

To prove (b) it suffices to show that for any etale affinoid -B-algebra C and for any vector 
-y G M (g) C(^)[z~^] which satisfies v = w — F{a*w) for some w & M ® C{^,z~^}, already 
w E M ® C{^)[z~^\. Again this follows from Lemma 1.1.5. 

In (c) the injectivity is obvious. To prove the surjectivity let x G satisfy x = Ax'^ . 

Since A G GLn(i?(^)) by assumption, x G by Lemma 1.1.4. 

To prove (d) write A = Ylij>Q-^j^'^ ■ Then for any etale affinoid i?-algebra C we obtain 

oo i 

{N <S) Blzj)^{C) = { ^ Xiz' : Xi G C", = ^ AjxJ_j for alH > } and 

i=0 j=0 

m—1 i 

{N Blzy{z'^))'^{C) = {Y^ Xiz' : Xi G = ^ Ajx^_j for alH = 0, . . . , m - 1 } . 

1=0 j=0 



Thus [N <Si Blz})^ = lim(iV(8)B|[2;]]/(z™))^. The remaining assertions are a consequence of the 

m 

following lemma. □ 

Lemma 1.3.6. Assume that B is connected. Let m G No and let N be a locally free 
module of rank n, equipped with an isomorphism F : a*N N. Then there exists a finite etale 
connected B-algebra B„,, such that N^{Bjn) is a free ¥qlzj/{z'^) -module of rank n. Moreover 
there is a natural isomorphism 

N^{Bm)®W,lzy{z^) Bmlzy{z^)^N®B^,^ Bmlz\/{z^). 

Proof. This is proved in [9, §2]. It is the analogue of the fact that a finite etale group scheme is 
trivialized by a finite etale covering space. See [9, Theorem 2.5] for details. □ 

Although the sheaves and Mp will serve us well in this chapter, the above notion of 
F-invariants is not the most useful for cr-modules over B{^)[z~^\ or Sj^Kz"^]. The reason for 
this is that unless B = L, the sheaf will in general be the zero sheaf as the following example 
shows. 

Let A = J2T=o^J^^ ^ GLn{Blzj[z-^]) and {M,Fm) = {Blzj[z-^Y\ A ■ a). Then for any 
affinoid etale 5-algebra C 

oo i 

= ■ e with Xi = ^ } ®F.W • 

i=0 j=0 

Even if ^ G GL„(S(^)) and a matrix $ G GL„(C) exists with $ = Aq^"^ we have to solve 
infinitely many Artin-Schreier equations 

i 

i^-'xi) - i^-'xif = Yi^-'Aj^''){^-'xi-jr . 
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Unless C = L ox Xi\ < 1 for i ^ we cannot hope to find all solutions Xi G C". But the 
expected convergence condition for ^XjZ* is \xi(^\ — > 0, so we will find |<I>~^Xi| < 1 for i » 
only in rare cases. 

It seems more meaningful to work with the local system T^N := ( (N (g) ) 

of F^Jz] -lattices on SpB from Proposition 1.3.5 (d) instead. We call T^N the Tate module of 
N. These local systems give rise to Galois representations exactly like the Tate module of a 
p-divisible group or abelian variety. See Section 2.1 for more on this subject. We want to end 
this discussion by noting the following exactness property. 

Proposition 1.3.7. The functor M i— > T^M from the category of a-modules over BlzJ to the 
category of local systems of ¥glz} -lattices on SpB is a faithful ¥glz}-linear exact tensor functor. 

Proof. Linearity and compatibility with tensor products are clear. The faithfulness follows from 
Lemma 1.3.6. 

To prove exactness let — > M' M ^ M" be an exact sequence of cr-modules over 
B\z\. We have to show that the associated sequence of sheaves on (Sp5)gt 

{M'moAz'^f {Mmodz^)^ (M"modz"^)^ 

is exact for all m G Nq. Since this property is local on B we may choose bases of M', M, and 
M" such that 

Fm' =A' -a, Fm" =A" -a and Fm = (^"^ ^' ) ' ^ 

for A' G GLn'{Blzf), A" € GL„// (^[2;]]) and A € Mn'xn"{Blzj). In this presentation only the 
exactness on the right is non-obvious. So let C be an afiinoid etale S-algebra and let g Vi^^ ^ 
(M"mod2™)^(C). It suffices to find a finite etale C-algebra C and Xi G C"' with ^^"^ {""^Jz^ G 
(Mmod2;"*)^(C). This amounts to solving the finite etale equations 

i i 

Xi — A!qx1 = ^ -^j^l-j + ^ ^jVi-j 
j=l j=0 

for i = 0, . . . , m — 1 and clearly can be accomplished. □ 



1.4 Results on cr-Bundles and Supplements 

In this section we review the main results from [33] where the term a-bundle was used for what 
here is called a o"-module over Ljz, Let r be a positive rational number. 

Proposition 1.4.1. (a) The functor from the category of a-modules over B{-^,z~^} to the 

category of a-modules over B{^, z)' ^ M ®B{-^, ^) is an exact equivalence of rigid 
tensor categories. 

(b) The functor from the category of a-modules over L{z,z~^} to the category of a-modules 
over L{-^, z)' M 1-^ M iS> L{-^, ^) is an exact equivalence of rigid tensor categories. 

Proof. We first prove (a). To prove essential surjectivity, let M be a cr-module over B{-^,^). 

The isomorphism F : a*M (g) B{-^, ^) > M (g) B{^, ^) allows us to glue the B{-^, 

2 2 
module M with the ^— )-module M (gp, z c'^'s to a cr-module Mi over 

2 

^^). We continue in this way and obtain a cr-module over B{-^,z~^}. 
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To prove full faithfulness, let M and N be a-modules over B{-^,z~^}. Let / : M ^ iV be a 
morphism of cr-modules, that is / o Fm = o a* f . Therefore the restriction of / to B{-^, 

is uniquely determined by the restriction of a*f to B{-^, ^l")' hence by the restriction of / 

to B{^, An iteration of this argument yields full faithfulness. Clearly the functor is also 

compatible with tensor products and internal Hom's, that is a tensor functor, and maps short 
exact sequences to short exact sequences. 

To prove (b) we also must go in the direction \z\ 1. Note that a : L{z,z~^} — L{z,z~^} 
is an isomorphism. So we can consider {a~^)*M and 

This allows us to glue the ^)-module M with the L{-^, ^)-module {a~^)*M to a u- 

module M{ over L{-^, ^). With this building stone the proof continues as the proof of (a) 
above. □ 

In view of (b) the results from [33] are as follows. 
Theorem 1.4.2. [33, Theorem 11.1 and Corollary 11.8] Every a-module over L{^,z~^} is iso- 
morphic to a direct sum ^di,ni where the di and Ui are integers with Ui > and {di, Ui) = 1. 
The pairs {di,ni) are uniquely determined up to permutation. 

Kedlaya pointed out the parallel between Theorems 1.2.10 and 1.4.2 in the case of mixed 
characteristic by giving a simultaneous proof for both; [41, Theorem 4.5.7]. The same could be 
done in our situation. Note however that the proof of Theorem 1.2.10 obtained in this way is 
much more complicated than the standard proof ([44]; or in mixed characteristic [47]). 

Corollary 1.4.3. Every a-module of rank 1 over L{^, z~^} is isomorphic to 0{d) for a uniquely 
determined integer d. 

Proposition 1.4.4. [33, Propositions 3.1 and 5.1] For every a & L there exists an fa G L{z, z~^} 
with simple zeroes at for G Z and no other zeroes. For the a-module 0{d) over L{z,z~^} 
we have 

(0) ifd<0, 
¥g{{z)) ifd = 0, 



0{df{L) 



d-i 



j=0 

id 



Fgft^Mnti/". : aieL,\C'i\<\a,\<\C\} if d > . 
Proof. The assertion on 0{d)^{L) is demonstrated in the proof of [33, Theorem 5.4]. □ 

Proposition 1.4.5. [33, Propositions 8.5, 8.6, and 8.8] The a-modules J^d,n over L{^,z~^} 
satisfy 

oo if d/n < d' /n' , 

fa; dimjpj^j Hom<^(jr^_„,jr^,^^,) = <^ ifd/n = d'/n', 

ifd/n>d'/n'. 



(h) dimp^i^] Exto-(^d,„,^d',n') 



if d/n < d'/n' , 
oo if d/n > d'/n' . 



(c) End(^rf^„) is the central division algebra over ¥q({z)) of dimension and Basse invariant 
-^modZ. 
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1.5 Slopes and Polygons 



As remarked above we may also consider cr-modules over k{{z)) for arbitrary fields k D ¥q. For 
such a field we let k D k be some algebraically closed extension. What follows does not depend 
on the choice of k. 

Definition 1.5.1. Let M be a cr-module of rank 1 over L{^, z^^} (or over k{[z))). We define the 
degree degM of M as the unique integer d from Corollary 1.4.3 (respectively Corollary 1.2.11) 
such that M(g)L(|,2;-^} = 0{d) over z"^} (respectively M 0k{{z)) = 0{d) over ^((z))). For 
a (7-module M of rank n over L{^,z~^} or over k{{z)) we define degM := deg A"M. We define 
the slope of M as 

^ ' rkM 

For example the a-modules T^^n over L(|, z"^} (and also over k{{z))) have degree degTd,n = d 

and slope X{J-'dn) = ~n- '^^^ degree is additive in short exact sequences (see [33, Proposition 
6.1]. 

Note that compared to [33] the definitions of degree of a cr-module M over L{^, z ^} coincide 
whereas the slope is the negative of what was called the weight of M in [33] . Compared to [41] 
the definitions of slope are the same whereas the definitions of degree differ by their sign. This 
difference lies in the fact that the terminology of [33] is "geometric" , expressing the analogy with 
the stability of vector bundles, and the terminology of [41] is "arithmetic" , owing to the fact that 
the Dieudonne module of a p-divisible group has slopes and 1. We have chosen our maybe 
unnatural definitions here because on the one hand we wanted to be consistent with [33] through 
the term "degree" , and on the other hand our applications through the notion of "slope" are of 
arithmetic nature. 

Definition 1.5.2. A cr-module M over L{^,z~^} or over k{{z)) is called semistable (respectively 
stable) if X{N) > A(M) (respectively X{N) > A(M)) for any non-zero cr-submodule N of M. 

Note that a direct sum of semistable cr-modules of the same slope is again semistable. Using the 
additivity of degree and rank in short exact sequences one shows as usual that M is (semi-) stable 
if and only if for any quotient cr-module N oi M the inequality A(A'') < A(M) (respectively 
A(iV) < A(M)) holds. 

In order to define the Harder-Narasimhan polygon of a cr-module we first recall the following 

Definition 1.5.3. To a multiset S oi n real numbers one defines the Nemton polygon of S to be 
the graph of the piecewise linear function on [0, n] sending to 0, whose slope on [i — l,i] is the 
i-th smallest element of S. One calls the point on the graph corresponding to the image of n the 
endpoint of the polygon. Conversely for every such graph one defines its slope multiset as the 
slopes of the piecewise linear function on [i — 1, i] for i = 1, . . . , n. 

One says that one Newton polygon P lies above another Newton polygon P' if both have the 
same endpoint and if no vertex of P lies below the polygon P'. In this case one writes P > P'. 

Given Newton polygons -Pi ... , Pm , one defines their sum Pi -|- . . . -|- Pm as the Newton polygon 
whose slope multiset is the union of the slope multisets of Pi, ... , Pm- 

Definition 1.5.4. Let M be a cr-module over L{^,z~^} or over k{{z)). A semistable filtration of 
M is a filtration = Mq C Mi C . . . C = M of M by saturated cr-submodules, such that the 
successive quotients Mi/Mi^i are semistable of some slope s^. A Harder-Narasimhan filtration 
(short HN-filtration) of M is a semistable filtration with si < . . . < s^. A Harder-Narasimhan 
filtration is unique if it exists, since Mi must then be the unique maximal cr-submodule of M of 
minimal slope. 
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Definition 1.5.5. Let M be a cr-module over L{^, z^^} or over k{{z)). To any semistable filtration 
= Mo C Ml C . . . C Mg = M of M we associate the multiset consisting of the slope A(Mi/Mj_i) 
with multiplicity rkMj/Mi_i for alH = 1, . . . , ^. We call this multiset the slope multiset of the 
filtration, and we call the corresponding Newton polygon the slope polygon of the filtration. If M 
has an HN-filtration, we call its slope multiset the Harder- Narasimhan slope multiset (short HN- 
slope multiset) of M, and its slope polygon the Harder- Narasimhan polygon (short HN-polygon) 
of M. 

If M is a cr-module over we call the HN-polygon of M (g) -^((-z)) the generic HN- 

polygon of M, and we call the HN-polygon oi M z^^} the special HN-polygon of M. The 

same naming is chosen for HN-filtrations and HN-slopes. 

The later names were coined and motivated by Kedlaya [41, §7.3] in mixed characteristic and 
adopted here to emphasize the analogy between equal and mixed characteristic. 

The ultimate goal of this chapter, the Slope Filtration Theorem, says that the (special) HN- 
polygon does not change under passing from L{^,z~^} to L{^,z''^} (see Corollary 1.7.8). As in 

[41] the relation between cr-modules over L{^, z~^} and L{^,z~^} is quite complicated. Therefore 
we too will have to make a detour via L{{z)) where the comparison of HN-polygons is much easier 
(see Corollary 1.5.9). Since we may not yet use the assertion of the Slope Filtration Theorem we 
temporarily make the following definition. 

Definition 1.5.6. Let M be a cr-module over L{^,z^^} or over k{{z)). We call the HN-slopes 
and the HN-polygon of M (g) L(|, z^^} (respectively M ® k{{z))) the absolute HN-slopes and the 
absolute HN-polygon of M. We say that M is isoclinic of slope s if the absolute HN-slopes of M 
are all equal to s. This means that M (g) z~^} (respectively M (g) k{{z))) is isomorphic to a 

direct sum of J-d,n for s = —f^ with {d, n) = 1. Note that this implies that M is semistable. If B 
is an affinoid L-algcbra, we call a cr-module M over B{^, z^^} isoclinic if at every analytic point 

X G A4{B) (sec Definition A. 2.1) the cj-module M (g k(x)'*'s(^, z~^} is isoclinic of the same slope. 

A cr-module M over B{^)[z~^] is called isoclinic if at every analytic point x € M.{B) the 
cr-module M (g) k{x){{z)) is isoclinic of the same slope. 

As a justification of the later definition we will see in Proposition 1.6.6 below that if a cr-module 
M over B{^)[z~^] is isoclinic then also M (g) B{^,z~^} is isoclinic of the same slope. 

Let us gather a few facts about the generic and special HN-polygons. We start with the 
generic HN-polygon. Let k D¥q be a field and let k be some algebraically closed extension of k. 
First of all there is no need to distinguish between generic and generic absolute HN-polygons due 
to the following proposition. As a preparation we need a lemma. 

Lemma 1.5.7. Let M be a a-module over k{[z)) such that all slopes of M' = M (g) k{(z)) are 
non-negative. Then M contains an F-stable klzj-lattice N. 

Proof. By Theorem 1.2.10, AI' is a direct sum with summands of the form J-d,n for d <0. In this 
presentation the standard basis vectors of the J^d,n generate an F-stable /c[[z| -lattice in M'. Its 
intersection with M gives the desired lattice in M. (Compare [41, 5.1.2].) □ 

Proposition 1.5.8. Let M be a a-module over k{[z)). Then there exists a uniquely determined 
filtration = Mq C Mi C . . . C Mg = M of M by a-submodules over k{{z)) with the following 
properties: 

(a) For i = 1, . . . ,£ the a-module Mi/Mi^i is isoclinic of some slope Si, 

(b) si< ... < St. 
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Moreover, if k is perfect this filtration splits canonically and yields the slope decomposition M = 

etiM,/Mi_i. 

Proof. Let M k{{z)) = be the decomposition from Theorem 1.2.10. We may 

assume that the slopes Sj := — ^ satisfy condition (b). Put Mi := • Then Mi/Mi^i 

is isochnic of slope s^. By induction on I it suffices to descend Mi to ^((z)). Choose a A;((2;))-basis 
ei, . . . , Cn of M and let A G GL„(fc((2;))) be the matrix by which Fm acts on this basis. 

1. We first claim that Mi descends to where k^"^ is the separable closure of k in 
k. By Lemma 1.2.5 it suffices to treat the case where dim^^j.^^^ Mi = 1. By twisting with 0{si) 
we may then assume that si = 0. So by Lemma 1.5.7, M contains an F-stable /cjz] -lattice 
and we may assume that the basis ei, . . . , e„ is in fact a A;[[z|-basis of that lattice. This implies 
A = YlT=o ^vz"" e Mn{k\z\). Let v G M(g)fc((^)) be a generator of Mi satisfying Fm{(t*v) = v 
and let x G k{{z))'^ be its coordinate vector with respect to the above basis. After multiplication 
with a power of z we have x = Yl^=o^n^^ ^ with Xf^ G k^. The equation Fm{cf*v) = v 
implies 

Avx'^^_jj = Xf^ — Aqx'^ for all /X > . 

u=l 

This is an etale equation for the components of x^ and by induction on /j, we obtain x^ G (fc'^'^P)"'. 
thus Ml descends to k^^P{{z)) as claimed. 

2. There are two things left to be proven. Firstly we have to show that the cr-submodule 
Ml = jF^^i CM® k^P{{z)) further descends to k{{z)). Secondly, if k is perfect (and k = k^^) 

we must prove that the a-submodules J^^. ^, descend to k{{z)). Thus let N := T^, ^, C M (S'k{{z)) 
/c**'^P((z)). By Lemma 1.2.5 we may assume that N has dimension 1 and is generated by a vector 
V = Yli^i^i with Xi G /c'^'^P((z)) satisfying F{a*v) = z'^^v. Without loss of generality we have 
xi 7^ and we set w := x^^v. Now let 7 G Gal{k^'^'^ / k) . Then F{a*v"') = z^^v'^ and v'^ belongs 
to N, that is v'^ = av for some a G k^^'^{{z)). In particular w'^ = axi/xj ■ w. Since the first 
coordinate of w with respect to ei, . . . , is 1 we infer axi/xJ = 1 and w'^ = w. Thus w (z M 
and descends to k(lz)) as desired. (Compare [41, 5.3.1].) □ 

Corollary 1.5.9. Let M be a a-module over k{{z)). Then the HN-filtration of M, tensored up to 

k{{z)) gives the HN-filtration of M k{{z)) . 

Proof. The characterization of the HN-filtration given in Proposition 1.5.8 is stable under base 
change. □ 

Although we won't need it in the sequel the reader should note the following analogue of the 
theorem of Grothendicck-Katz [39] which is proved in [32]. 

Theorem 1.5.10. Let A be an ¥q-algebra and let M be a a-module of rank n over A|z]][z^^]. 
Let P be the graph of a continuous real valued function on [0, n] which is linear between successive 
integers. Then the set of points in SpecA at which the HN-polygon of M lies above P is Zariski 
closed. 

The following tool will be useful for determining the generic HN-polygon. 

Lemma 1.5.11. Let M be a a-module over k{{z)). Suppose M has a basis on which F acts by 
a matrix A G GL„(A;((2;))) which satisfies AD~^ — Id„ G M„(z/c[[z|) for some diagonal matrix 
D G GL„(A;((z))). Then the generic HN-slopes of M are equal to ord^Dj/i^, where D,^^, are the 
diagonal entries of D. 
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Proof. There is no harm in multiplying both A and D by the same power of z. Thus we may 
assume A,D€ M„(fc|2;|). We construct a sequence of matrices Ui € GL„(/c[[z|) with Uq = Id„, 
Ue+i = Uemodz^+^, and Uf^AU^D''^ = Id„ modz^+^ Then the limit U of the Ue satisfies 
U~^AU'^ = D, proving the lemma. 

By assumption the conditions are satisfied for £ = 0. Suppose Ug has been constructed. Put 
V = U^^AU^D~^ — Idn G Mn{z^~^^ klzj) . Define a matrix W whose entry W^i^ for each n and 
u is a solution of the congruence 

Wf,, - D^^W^^D-^ = V^,mod/+2 

with W^u,D^^W'^^D~^ € 2;^"'"^A;|z]. Such a solution exists because k is algebraically closed 
and depending on ovdz{D i^^D'^) one has to solve either a linear equation, an Artin-Schreier 
equation or extract a q'-th root over k. Then both W and DW'^D~^ belong to M„(^;^+^A;|[2;]) . 
Put ?7^+i = Ui{ldin+W). Then U^^i G GL„(fc|[z]) satisfies ?7^+i = i/^modz^+i and 

U^^^AU^^iD-^ = {ldn+W)~^U^^AU^{ldn+WyD-^ 

= (Id„ +W)-^U^^ AU^ D-^{ldn +0^0-^) 

= {ldn+W)-\Un+V){ldn+DW''D-^) 

= Idn-W + V + 0^0-^ 
= Idn mod 2;^+^ . 

Thus we obtain J/^+i as desired and the lemma follows. (Compare [41, 5.2.6].) □ 

Next let us turn towards cr-modules over L{^,z^^} and the special HN-polygon. 

Proposition 1.5.12. [33, Propositions 6.3 and 8.2] The a-modules J-d,n over L{^,z~^} are 
stable. The a-modules J^^^ and in particular 0{d)®"^ overL{^,z~^} are semistable. 

Theorem 1.5.13. [33, Corollary 11.7] Let M be a a-module over L(|,z"^} and let M = 
0^^j^ .7^^™* be its decomposition from Theorem 1.4.2. Assume that di^i/ui-i > di/ui for all 
i and set Mj := 0^^^ -^^ «!• HN-filtration of M is = Mq C Mi C . . . C Mg = M 

and the HN-slopes are the numbers ^ with multiplicity niUii. In particular the HN-polygon of M 
determines its isomorphy type. 

Proposition 1.5.14. Every a-m,od,ule M over L{^, z~^} admits a Harder- Narasimhan filtration. 

Proof. By Theorem 1.4.2 and Proposition 1.5.12 the set of slopes of all nontrivial cj-submodules 
of M has a smallest element si. Let A^i and N2 be two a-submodules of M of slope si. Then 
Ni and N2 , and thus also Ni N2 are semistable. Since the sum A^i + N2 of A^i and N2 inside 
M is a quotient of A^i N2 its slope is at most si. By minimality of si it equals si. Therefore 
there exists a unique maximal cj-submodulc Mi of M of slope si. Then Mi is the first step in 
the HN-filtration of M. The remaining steps are obtained by replacing M by M/Mi. (Compare 
[41, 4.2.5].) □ 

Proposition 1.5.15. Let M be a a-module over L(|,z~^}. Then the HN-polygon lies above the 
slope polygon of any semistable filtration of M. 

Proof Let = Mo C Ml C . . . C = M be the HN-filtration and let = Mg C Mj C . . . C 
M^ = M be a semistable filtration of M. It suffices to prove that for each i = 1,. . . ,£ we can 
find rkMj slopes from the slope multiset of the semistable filtration whose sum is less than or 
equal to — deg Mj . 
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For j = 1, . . . , m consider the u-submodule (Mj n Mi)/{M'-^^ n Mi) of M'-/M'-_^. Note that 
the M'- n Mi are saturated d-sub modules of M,. Since the later is scmistable we have 

A,- := A((MjnMi)/(Mj_inMi)) > A(Mj/Mj_i) . 
Set Tj = rk (Mj n Mj)/(Mj_i n Mj) < rk Mj/Mj.^. Since the Mj n Mj filter Mj we have 

m 

-degMj = ^TjXj. 

3=1 

Prom this the desired inequality follows. (Compare [41, 3.5.4].) □ 

Proposition 1.5.16. Let — >■ Mi — > M ^ iVf2 ^ 6e a s/iori exaci sequence of a -modules over 
and let P{Mi),P{M), and P{M2) be their absolute HN-polygons. Then 

(a) P{M)>P{Mi) + P{M2), 

(b) P{M) = P(Mi) + P{M2) if and only if the short exact sequence splits over L{^,z~^}. 

Proof. (The proof literally follows [41, Proposition 4.7.2].) To prove (a) note that the HN- 
filtrations of Mi (g) L{^, z~'^} and M2 L{^, z^'^} induce a semistable filtration of M ^ L{^, z~^} 
whose slope polygon is P{Mi) + P{M2). Then Proposition 1.5.15 yields the claim. 

To prove (b) note that the splitting of the sequence implies P{M) = P(Mi) + P{M2) by 
Theorem 1.5.13. Conversely suppose P(M) = P{Mi) + P{M2). We prove by induction on the 
rank of M that the sequence splits in case L = L. The induction starts with the case where 
Ml = Tc,r and M2 = Td,s- By Proposition 1.4.5 the sequence splits if ^ < ^. So now assume 
j > ^- By Theorem 1.5.13 the assumption on P(M) implies that M = Mi M2, yielding 
a map M2 M. Since End{J^(i^s) is a division algebra by Proposition 1.4.5 the composite 
M2 M —> M2 is either zero or an isomorphism. In the former case, the map factors through 
M2 Ml by exactness. But because 7 > f, this is impossible by Proposition 1.4.5. Thus 
M2 ^ M — M2 is an isomorphism splitting the sequence. 

Next assume that Mi decomposes as Mi = N (B N'. We compute 

P(M) > P{N) + P{M/N) [by (a)] 

> P{N) + P{Mi/N) + P{M2) [by (a)] 

= P(Mi) + P(M2) [because iV is a summand of Mi] 

= P{M) [by assumption] 

and find that all the inequalities must be equalities. In particular P{M/N) = P{M\/N)-\- P{M2). 
Since M/N is of smaller rank, the induction hypothesis implies that the sequence — > Mi/N — >■ 
M/N M2 splits. We obtain a map M ^ Mi/N = N' which splits the sequence ^ N' ^ 
M M/N' 0. It remains to consider the sequence ^ N ^ M/N' ^ M2 ^ which splits 
because P{M/N') = P{N) + P(M2) by a similar computation as above. Thus we have proved 
the claim whenever Mi decomposes. 

There remains the case, when only M2 decomposes. By considering the dualized sequence, 
we reduce to the case in which Mi decomposes. This proves the proposition. □ 



1.6 Comparison of Harder-Narasimhan Polygons 

We will now study the relation between the generic and special HN-polygons. We need three 
preparatory lemmas. The first is proved in the same way as Lemma 1.5.7 
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Lemma 1.6.1. Let M he a a-module over L{^)[z ^\ such that all slopes of M' = M L(lz)) 
are non-negative. Then M contains an F-stable L{^)-lattice N. Moreover if all slopes of M' are 
zero, then N can he chosen such that F : a*N ^ N is an isomorphism. □ 

Lemma 1.6.2. Let M he a a-module over L{^)[z-^] such that all HN-slopes of M' := M®L{{z)) 
are non-positive. Let v G M' satisfy F{a*v) = v. Then v G M. 

Proof. By Lemma 1.6.1 we can find an i^-stablc L(|)-lattice A^^ in M^. Its dual lattice N = 
{w € M : f(w) e for all f € } in M is stable under F'^ : M a*M. Let ei, . . . , e„ be 
a basis of N and let A = (A^^) G Mn{L{-^)) be the matrix with F~^ei, = A^^e/j,. 

By multiplying v with a power of z we may assume that v G Liz}. Let x G LKzl" be the 
coordinate vector of v with respect to the b asis 6]^, . . . , Cfi. Then Fi^c^v^ — v amounts to the 
equation x'^ = Ax. We deduce from Lemma 1.1.4 that x G L(|)" and v G M as desired. 
(Compare [41, 5.4.1].) □ 

Lemma 1.6.3. Let M he a a-module overL{^)[z-^] such that M i^M{{z)) = JT®^. Then M 
itself is isomorphic to the a-module over L(^)[2:~^]. 

Proof. Let ei, . . . , emn be the standard basis of the cr-module over L{{z)), that is 

F{a*e£n+i) = ein+i+i for all i = 1, . . . , n — 1 and £ = 0, . . . , m — 1 , 

F{a*ein+n) = z-'^ein+i for all £ = 0, . . . , m - 1 . 

Replace F by F' := z'^F" : {a'^yM M. Then the vectors satisfy F'{a*ei) = e^. In 
particular ej G M by Lemma 1.6.2. Clearly ei, . . . ,emn form a basis of M over L{^)[z~^]. This 
proves the lemma. □ 

In order to compare the generic and special HN-polygons of a cr-module over L{^)[z~^] we 

need to descend the generic information from L(lz)) to L{^)[z~^]. This is achieved by the reverse 
filtration. 

Definition 1.6.4. Let M be a (j-module over L{{z)) with slope decomposition Pi © ... © 
labeled so that A(Pi) > . . . > A(P^). We call the filtration = Mq C Mi C . . . C = M with 
Mi = Pi (B ... (B Pi for i = 0, . . . ,i the reverse filtration of M. By construction its slope polygon 
is the HN-polygon of M. 

Proposition 1.6.5. Let M be a a-module over L{^)[z~^], then the reverse filtration ofM<SiL{[z)) 
descends to L{^)[z~^]. 

Proof Let = M^ C M[ C ... C M^ = M' he the reverse filtration of M' = M (g) L{{z)). It 
suffices to show that M[ descends to L{^)[z~^]. By Lemma 1.2.5 we may reduce to the case where 
rk M( = 1 by passing from M to an exterior power. By twisting we may then reduce to the case 
where A(M() = 0. Thus M[ is isomorphic to 0(0) and therefore M{ is generated by a vector v 
with Fv = V. By Lemma 1.6.2, v belongs to M. Hence M[ descends to L{^)[z^^] proving the 
proposition. (Compare [41, 5.4.3].) □ 

Proposition 1.6.6. Let M be a a-module over L{^)[z~^]. Then the HN-polygon of M0L{^, z^^} 
lies above the HN-polygon of M <Si L{{z)) . 
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Proof. The HN-polygon of M0L{{z)) equals the slope polygon of its (descended) reverse filtration. 
The factors of the later are isomorphic to a-modules over L{^)[z"^] for appropriate d,n 

and m by Lemma 1.6.3. This property is preserved by tensor ing the reverse filtration up to 
L{^,z~^}. In this way we obtain a semistable filtration of M (g) The slope polygon of 

this filtration equals the HN-polygon of M(8)L((z)) and lies below the HN-polygon of M(8)-L(^, z^^} 
by Proposition 1.5.15. (Compare [41, 5.5.1].) □ 

The case when both polygons coincide is particularly favorable. 

Theorem 1.6.7. Let M be a a-module over L{^)[z~^] whose generic and special absolute HN- 

polygons coincide. Then the generic and special absolute HN-filtrations of M ® L{{z)) and M 
L{^,z~^}, respectively, are both obtained from a filtration of M. 

Proof. It is enough to show that the first steps of the generic and special absolute HN-filtrations 
descend and coincide. By Lemma 1.2.5 we may reduce to the case where the least slope of 
the common HN-polygon occurs with multiplicity one. Choose a basis ei, . . . , e^ of M. Let 

V e M iS> L{{z)) be a generator of the first step of the HN-filtration of M (g) L{{z)) and write 

V = aiei -|- . . . + a„e„ with aj G L{{z)). Without loss of generality, ai ^ and we can assume 
ai = 1. By Corollary 1.5.9 we have a,; G L{{z)) for all i. 

Consider the descended reverse filtration = Mq c Mi c ... C Mi of Mi := M (g) L{^)[z~^] 

from Proposition 1.6.5. It satisfies M£ L{{z]) = M^_i (g) L{{z)) © L{{z)) ■ v. By Proposition 1.6.6 
the HN-polygons satisfy P[M£_i<^L{{z))) < P(M^_i (g)X(|, and analogously for M^/M£_i. 

Since by assumption we have 

P{Mi^L{l,z-^}) = P{Mi®L{{z))) 

= P{Mi_i®L{{z))) + P{iMi/Mi_i) ®I((z))) , 

we deduce from Proposition 1.5.16 that the sequence M£_i Mi Mi/Mi^i splits 
after tensoring up to L{^,z^^}. Since all generic slopes of Hom{Mi/Mi-i , M^_i) are positive. 
Lemma 1.6.1 allows us to apply Proposition 1.3.5 to deduce that the sequence already splits over 
L{^)[z~^]. Therefore there is a vector v = bisi + . . . + bnen S M^, bi G which generates 

a (T-submodule isomorphic to M^/M^_i. Over L(^z)) the vectors v and v G M^ ® L{{z)) define 
splittings of the sequence 

Mi_i®L{{z)) Mi®L{{z)) {Mi/Mi^i)®L{{z)) 0. 

Since all generic slopes of M^/M^.i are less than all generic slopes of Mi_i, these splittings 
coincide by Proposition 1.2.12. Hence v = cv for some c G L{{z))^ . By construction c = 6i G 
-^(f )[^~^]- Since c has only finitely many zeroes by Lemma 1.1.2 there is a rational number r > 1 
with c G L{-^)[z~^]^ . In particular 

ai = c-\ G L((z))nl(^)[z-i] = 

So the vector t; G M (g) L{-^)[z^^] defines a saturated cr-submodule N' oi M ® L{^)[z~^] with 
N' L{{z)) = L{{z)) - v. By repeated application of Lemma 1.6.8 below N' (E) L{-^, ^) extends to 
a saturated a-submodule ofM(gL(|,^) which we glue over L(^, ^) with N' to a saturated 
(T-submodule of M. Thus the first step of the generic HN-filtration descends to L{^)[z^^]. Let 
Ml be the corresponding cr-submodule of M. 

Let M[ be the first step of the HN-filtration of M (g So M[ is characterized as the 

maximal o"-submodule of minimal slope, which by assumption is A(M() = A(Mi). In particular 
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Ml (8) L{^,z~^} C M[ and since their ranks and degrees are equal, Mi (E) L{^,z^^} and M[ 
coincide by [33, Proposition 6.2]. Hence the first step of the special absolute HN-filtration also 
descends to Mi. This proves the theorem. (Compare [41, 5.5.2].) □ 

Lemma 1.6.8. Let r and r' be rational numbers with r' > q^r > 0. Let M be a a-module over 
L{-^,^) and let N' d M ® L{-^ he a saturated a-submodule. Then there exists a uniquely 

at' 

determined saturated a-submodule N of M with N' = N (E) L{-^, 

Proof. Clearly A'' is unique if it exists since it can be described as the intersection M n N' inside 

M^L(^,^). 

To prove existence let d := ikN'. By Lemma 1.2.5 it suffices to show that A'^A^' C (A'^M) Cg) 
^) descends to L{^, ^). Thus we may assume that rk A^' = 1. Choose a basis ei, . . . , 



of M and let $ G GL„(L(^,^)) be the matrix by which Fm acts on this basis. Let v = 

ffliei + . . . + a„e„ with Oj E L{-^, ^) be a generator of N' . Without loss of generality ai ^ 0. By 
Lemma 1.1.2 we may multiply f by a unit and assume that ai G L[z\ is a monic polynomial whose 

zeroes x aU satisfy \C' I < |x| < jC^I- Since N' is -FM-stable there exists a unit a G L{-^^, 
with FM{cr*v) = av. Let 




ai 



G L(— ^\®" 



Again by Lemma 1.1.2 we write a'l = uf with a unit u G and a monic polynomial 

/ G L[z] whose zeroes x satisfy \(^^'\ < \x\ < \C'^'^\. By [45, Proposition 2] we may split f = gf 
with g,fE L[z] monic such that the zeroes x of g (respectively of /) all satisfy |a;| > ^\ 
(respectively |x| < |C ''|). Similarly we split = hb with h,b ^ L[z] monic such that the zeroes 
X oi h (respectively of b) all satisfy |x| < | (respectively [C^' | < < {C^ ^|). Since u,a,g and 

h are units in L{-^, ^) the equation ugf = a'l = a~^hb implies 6 = / by Lemma 1.1.2. Hence 

ug = a~^h. Now there exists a polynomial g G L[z] with g'^ = g'^, namely g{z) := g{z'^)- Consider 
the vector gv E N'. We have 

{ga^r = g'al = g'^-^hu'^a', G 

Therefore goi G ^). After clearing a common factor of the gai in L(^, ^) if necessary, 

the vector gv defines the desired saturated cj-submodulc N of M. It satisfies N' = N ® L{-^ , ^) 
since 5 G -L(^, ^)^. □ 

1.7 Descent of cr-Modules and HN-Filtrations 

In this section we finally prove the Slope Filtration Theorem as well as the fact that isoclinic 
c7-modules over B{^,z-^} descend to B{^)[z-'^]. For this purpose we will need to work locally on 
the Berkovich space M.[B) associated to B (see Appendix A. 2). Also recall the notion of affinoid 
covering of M.{B) from Definition A.2.3. 
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Lemma 1.7.1. Let r be a positive rational number and let D € GL„(i3(^, ^)) . Define the 



number h := {WDWrWD-^Wr)'^" ' > I andlet A e Mn{B{f,,^)) satisfy \\AD-'^-ldn\\r < h''^ . 



Then there exists a matrix U G GL„(i?(^)) with \\U — Id„ H,. < 1 and 

U-^AVD-^ - Id„ G Mn{zB{-^)) and WU-^AVD'^ - Idn ||r < 1 . 

Proof. We define sequences of matrices Uq,Ui,... and Aq,Ai,... as follows. We start with 
Uq = Id„. Given Ui € GL„(i?(^)) wc set = U^^AU^. Wc define an additive function 
/ : B{-^, ^) ^{^) mapping a = Y^i^j^o,iZ^ to X^j<o Oi-^* and wc extend it to a function 
on matrices. We have < ||a||r- Set Xg = f^A^D'^ — Id„) and J/^+i = Ui(ldn+X£). Put 

c = ||^£>~-^ - Id„ \\r-h<l and q = ||X^||r • h. 

We claim that q < c''+i and P^I?"^ - Id„ \\r < \\AD-'^ - Id„ < 1 for all £ > 0. 

Clearly this holds for i = 0. Assume the claim for i. Then ||X^||r < 1 and in particular 
Idn+Xg and C/^+i belong to GL„(i?(^)) and A^D^^ belongs to GL„(i?(^, ^)). We obtain 

Ai+iD-^ = {Idn+Xi)-UeD-\ldn+DX^D-^). 

Write 

{ldn+Xi)-^AiD-^ = {ldn-Xe)AeD-^ + {Idn+Xeyx^AiD-'' 
= Idn+Ye + Vi + Wi 

with 

Yg = AeD-^ -Idn-Xe, 
Vi = -X^iAtD-^ -Idn), 
Wi = X^{ldn+Xi)-^AeD-\ 

Note that Ye G Mn{zB{-^)), in particular /(l^) = 0. We estimate using Lemma 1.1.1 

\\ildn+Xe)-'AeD~\ = 1, 

\\Vi\\^ < ach'^ < c^+^hr^, 
\\Wei < {ceh-'f < c''+^h-\ 
\\Ye\l < ch-\ 

\\DX^D-^\l < \\D\\r\\D-^\\r\\Xe\\^^ < h'i-\ceh-y < c«(^+^)/i-^ 
Putting everything together we obtain 

\\Ai+iD-^ - Idn \\r = \\Ye + Ve + We+ (Id„ +Xer^AiD-\DX^D-^)\l 
< ch~^ = \\AD-^ -IdnWr- 
MoreoYev, 

Xe+i = fiVe) + f{We) + /((Id„ +Xe)-'AeD-\DX^D-^)) . 

We compute /i^^ = < t/'*'^ /i"-*- and the claim follows. 

Since H^^Hr — > as £ ^ oo the sequence Ue converges to a matrix U G GL„(i?(^)) satisfying 
\\U~^AU'^ — Idn \\r ^ ||A-D~^ — Id„ 11^ < 1. Moreover, since / is continuous with respect 
to the norm || . \\r we obtain 



fiU-^AVD-^ - Idn) = lim f{AeD-^ - Id„) = lim Xe = 



Hence U'^AWD-^ - Idn G M„(zS(^)) . Since C/^+i - Idn = {Ue - Idn)(Id„ + Xg we find 
\\Ue — Idn \\r < 1 and hence \\U — Idn \\r < 1 as desired. (Compare [41, 6.1.1].) □ 
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Proposition 1.7.2. Let M be a a-module over B{-^,z and let x G M.{B) be an analytic 
point. Then there exists an affinoid neighborhood M{B') of x, a finite etale B' -algebra C , a 
lift of X to a point of M{C), a positive integer s, and a -module M' over C {■^)[z~^] such that 
M'iS)C{-^,z~^} = M(8)C(^,z~^} as -modules, and such that for all analytic points y G Ai{C) 
the generic HN-polygon of M' ® n{y){-^)[z~^\ coincides with the special absolute HN-polygon of 
M (S) k{x){-^, z~^}. The integer s can be chosen to be the smallest common denominator of all 
the slopes of M ^ k{x){^ , z~^} . 

Proof. Note that we may assume that the slopes of M(^k(x){-^, z~^} are integers by replacing F 
by for a suitable positive integer s. In the sequel we write again q for and a for to shorten 
notation. By Lemma 1.2.8 we may assume that M (g) B{-^, ^) is free. Let ei, . . . , be a basis 

and let A G GL„(l?(^, ^-)) be the matrix by which F acts on this basis. Consider the base 

change of M via B =: K. Since all slopes of M^K{-^, z~^} are assumed to be integers, 

Theorem 1.4.2 provides us with a matrix W G GL„(K(^, ^)) such that D := W~'^AW"' is a 

diagonal matrix whose diagonal entries are powers of z. Put h := (||-D||gr ll-C^~^llgr)^^'^^ > 1- 
By Lemma A. 5.1 we find an affinoid neighborhood M{B') of x, a finite etale i?'-algcbra C 
such that M{C) contains exactly one point x' above x, and a matrix V G Mn{C{-^^ ^)) with 

11^ — W^IU'.r' < ^'^'^ ^' ^ ^^'l- Iiideed it suffices to approximate finitely many 

coefficients in the Laurent series expansion of W . 

We claim that after shrinking M{B') the matrix V belongs to GL„(C(^, ^)). Indeed, since 

-Id„ W^i^r' < 1 for ah r' G [r, qr\ we have V G GL„(K(a;')(^, ^)) at the point x' . By [11, 
Lemma 9.7.1/1] this is equivalent to the existence of an integer m such that z^ det V = J2iez ^i^^ 
satisfies 

|«iC"U' < |aoU' for alH > and |aiC*"U' < l^oU' foralH<0. (1.2) 

Clearly the equations (1.2) are satisfied on a whole affinoid neighborhood M.{C') of x'. Using 
Lemma A. 5. 2 the claim follows. 
In Mn(K{-^, ^)) we write 

V-^AVD-'^ = {W-W)-'^D{W-^VyD-^ 

= {W~\V -W) + ldn)~^ D (W-^{V -W) + Id„)"D-i 

= {W-^{V -W)+ ldn)~^ D {W-'^{V - W)Yd-^ + {W-^{V -W) + Id^)"^ . 

Using Lemma 1.1.1 we estimate 

\\{W-\V-W)Y\l,^^^ = \\W-\V-W)\\l,^^ < and 

It follows that \\V~^AV''D~'^ - Idn \\x',qr < at the point x' . Shrinking M{B') further we 
may assume that WV-'^AVD-'^-ldn \\qr < h-^ holds on all of 7W(C). Then Lemma 1.7.1 yields 
a matrix U G GL„(C(^)) for which A := {YUy^AiVU)" satisfies AD-^ - Id„ G M„(zC(^)) 
and ||^-D~^ - Id„ \\qr < 1. In particular A G GL„(C(^)[z~^]). Consider the (7-module M' 
over C{-^)[z'~^\ with basis vi,...,Vn on which Frobenius acts by the matrix A. Then by what 

we have just shown M' ®C{^, ^) ^ M«)C(^,^), hence M'0C(^,z-^} ^ M C(^, z"^} 
by Proposition 1.4.1. By Lemma 1.5.11 for any point y G A4(C) the generic HN-slopes of 

M' (8) K{y)^^^ {-^)[z~^] are the exponents of z in the diagonal entries of D. By construction these 
are also the special absolute HN-slopes of M' ® K(x')*'g(4r)[z~^]. (Compare [41, 6.2.2].) □ 
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Prom the proof we may also read off the following corollaries. 

Corollary 1.7.3. Consider the situation of Proposition 1.7.2 

(a) If the absolute HN-slopes of M ® k{x){-^ , z~^} are all non-negative then the a^-module M' 
contains an F^-stable C {-^) -lattice N. 

(h) If the absolute HN-slopes of M ® n{x){-^,z~^} are all equal to ^ then the -module M' 
contains a C {-^) -lattice N on which z~'^F^ : {a^)*N —>■ N is an isomorphism. 

In the situation where B equals L Proposition 1.7.2 takes the following form. 

Corollary 1.7.4. Let M be a a-module over L{^, z~^} . Then there exists a finite separable 
extension L' of L, a positive integer s, and a -module M' over L'(|-)[z^^] such that M' (g) 
L'{^,z~^} = M iS> L' z~^} and the generic and special absolute HN-polygon of M' coincide. 

If M is isoclinic we can even say more. Por the notion of affinoid covering see Definition A. 2. 3. 

Theorem 1.7.5. Let M be a a-module over B{^,z~^} which is isoclinic of slope ^ with d and 
s relatively prime. Then there exists a a-module M' over B{^)[z~^\, isoclinic of slope ^ with 
M' (8) z""^} = M. It is unique up to canonical isomorphism. 

Moreover there exists an affinoid covering of Ai{B) and for each i a Bi{^) -lattice 

N'- in M' (g) Bi{^)[z''^] on which z'~'^F^ : {a^)*N[ N'- is an isomorphism. 

Proof. Prom Proposition 1.7.2 we obtain an affinoid covering {M.{Bi)}i of M.{B), and for each i 
an isoclinic cr^'-module Mj over Ci{^)[z~^\ for a finite etale 5j-algebra Cj, with Mi®Ci{^,z~^} = 
M (g) (7j(^, as (T*-modules. By Corollary 1.7.3 each Mj contains a Cj(|)-lattice Ni on which 
z~'^F^ is an isomorphism. Since ((j*Mj)^ (gMj contains the lattice ((T*A^j)^ (g A^j on which F"^ is an 
isomorphism, the isomorphism F : (T*M(g)Cj{^, z~^} M®Ci{^, z^^} comes by Proposition 1.3.5 
from an isomorphism F : a* Mi — > Mj. This makes Mj into a cr-module. The canonical descent 
datum on M 'S>Ci{^, z"^} permits us again by Proposition 1.3.5 to descend Mj to a cr-module M- 
over 5j(|)[2;-i] with M/(8)Sj(^, z"^} = M(gSj(^, z"^}. Moreover, A, descends to a Bj(|)-lattice 
N- in M- on which z~'^F^ is an isomorphism. Once more by Proposition 1.3.5 the canonical 
gluing datum for M allows us to glue the M- to a cj-modulc M' over B{^)[z~^] as desired. 
If M" is another cr-module over B{^)[z~'^] with M" (g B{^,z^^} = M then the isomorphism 
M' (g B{^,z~^} = M" (g B{^,z~^} comes from an isomorphism M' = M" by Proposition 1.3.5. 
This proves the theorem. (Compare [41, 6.3.3].) □ 

If 5 = L is a field the theorem takes the following form: 

Corollary 1.7.6. Let M be a a-module over L{^ , z^^} which is isoclinic of slope ^ with d and s 
relatively prime. Then there exists a unique a-module M' over L{^)[z~^\, isoclinic of slope | with 
M' ® L{^,z~^} = M. Moreover M' contains an L{^)-lattice on which z~'^F^ is an isomorphism. 

Theorem 1.7.7. (Slope Filtration Theorem) 

Let M be a a-module over L{^,z~^}. Then there exists a unique filtration = Mq C Mi C . . . C 
M^ = M of M by saturated a-submodules with the following properties: 

(a) For i = 1, . . . ,£ the quotient Mi/Mi^i is isoclinic of some slope Si, 

(b) si< ...< si. 

This filtration coincides with the Harder-Narasimhan filtration of M. 
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Proof. Since isoclinic fj-modules are semistablc by definition, any filtration as in (a) and (b) is a 
Harder-Narasimhan filtration. In particular the filtration is unique if it exists. 

To prove the existence, it suffices to show that the HN-filtration of M (g) L(^, z""^} from 
Theorem 1.5.13 descends to L{^,z~^}. By Corollary 1.7.4 there exists a finite separable extension 
L' of L, a positive integer s, and a cj*-modulc N over L'{^)[z~^] such that N eg) L'{^,z~^} = 
M (8) L'{^,z^^} as (j'^-modules, and such that the generic and special absolute HN-polygons of 
N coincide. Clearly we may also assume that L' is Galois over L. By Theorem 1.6.7 the HN- 
filtration of M (g) z^^} descends to a filtration of N by cr^-submodules, which in turn yields 
a filtration = G M[ C . . . C = M' of M' := M L'{^,z~^} hy cr^-submodules. Clearly 
the M- are even cr-submodules since they are stable under F after tensoring up to L{^,z~^}. 

To prove that the filtration of M' by the further descends to L{^,z~^}, it suffices to show 
that M[ descends to L{^, z^^}. By Lemma 1.2.5 we only need to treat the case where rkM( = 1. 
In this case M[ is generated by a vector v € M (S) L'{^, z~^}. Let ei, . . . , e„ be an L(^, z^-'^j-basis 
of M. Then v = aiei + . . . + a^e^ for G L' z^^}. For each g € Gal{L'/L), % is a scalar 
multiple of v since % G M[. Thus ^ G Prac L'(|, z^^} is Gal(L'/L)-invariant for all i and j with 
ttj 7^ 0. Prom Lemma 1.1.3 it follows that ^ G Frac z"^}. Thus M[ descends to L{^,z~'^} 
as claimed. (Compare [41, 6.4.1].) □ 

Corollary 1.7.8. For any complete extension L' of L and any a-module M over L{^,z~^}, the 
HN-filtration of M <Si L'{^, z~^} coincides with the result of tensoring the HN-filtration of M up 
to L'{f,z-'}. 

Proof. The characterization of the HN-filtration given in Theorem 1.7.7 is stable under base 
change. □ 
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Chapter 2 

Hodge-Pink Theory 



In this chapter we develop the equal characteristic analogue of p-adic Hodge theory. It is based on 
Pink's invention of Hodge theory over function fields [48] and the concept of local shtuka which 
replaces the p-adic Galois representations from p-adic Hodge theory. In particular, we study 
in Section 2.3 the analogue of the mysterious functor relating crystalline Galois representations 
and filtered isocrystals. We define in Section 2.2 the analogues of (weakly) admissible filtered 
isocrystals and show in Section 2.5 that "weakly admissible implies admissible" if the value group 
of the base field is not g-divisible. The actual hypothesis on the base field is even weaker. As a 
universal tool we apply a criterion for (weak) admissibility in the spirit of Berger's [6] criterion 
in p-adic Hodge theory using p-adic differential equations. We prove our criterion in Section 2.4. 
The Slope Filtration Theorem and the other results from Chapter 1 enter at various places. We 
begin with an explanation of local shtuka. 

2.1 Local Shtuka 

We retain the notation introduced in Section 1.1. For the notion of formal scheme over Spf R we 
refer the reader to [EGA, I §10]. In this article we are particularly interested in formal schemes 
of the following two types: 

• schemes over Spec R on which ( is locally nilpotent, 

• admissible formal schemes over Spf R in the sense of Raynaud; see Appendix A.l. 

Let X be a formal scheme over Spf R. We let Ox {z} be the sheaf on X of formal power series 

in z. And we denote by a the endomorphism of Ox|[-z]] that acts as the identity on z and as 
6 1-^ 6'S on local sections b G Ox- For a sheaf M of OxI-^l-modules on X we abbreviate the sheaf 

M^oxl^la OxM hya*M. 

Definition 2.1.1. A local shtuka of rank n over X is a pair {M,Fm) consisting of a sheaf of 
-modules on X and an isomorphism Fm ■ a*M[^^] M[-j^] (where we abbreviate 
^ ^OxM ^xlz}[^^] to M[^^]) such that the following conditions hold: 

(a) locally for the Zariski topology on X, M is a free Ox [[^1 -module of rank n, 

(b) there exists an integer e such that Fm{(J*M) C {z - (^M and {z - C,yM/FM{(J*M) is 
locally free and coherent as an Ox-module. 

A morphism of local shtuka / : {M,Fm) — >■ {M',Fm') over X is a morphism of the underlying 
sheaves f : M ^ M' which satisfies FM'oa* f = /oFm- An isogeny is a morphism / : (M, Fm) 
{M',Fm') such that for some morphism g : {M',Fm') — > {M,Fm) the compositions fog and 
g o f equal multiplication with a power of z. 
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Before we proceed further let us mention the main sources from which local shtuka arise. 

Example 2.1.2. Let C be a smooth projective geometrically irreducible curve over SpecFg and 
let oo € C be a closed point. Put A := T{C \ {oo}, Oc)- Let P € C \ {00} be another 
closed point with maximal ideal m C ^. Let Oc,p be the completed local ring and let R he a 
complete extension of Oc,p- Denote hy c : A ^ R the inclusion morphism and by X the kernel 
of c (g) id : A (g) — > i?. We denote a uniformizing parameter of Oc,p by z and its image in 
R by C- Let L be the fraction field of R. For a formal i?-scheme X consider the completion of 
Cx := C Xf^X along the closed subscheme {P} x X. Its structure sheaf is isomorphic to OxI-^l- 

(a) Let X = Spf R and let {E, ip) be a Drinfeld-A-module [22] or more generally an abelian 
t-module [1] over L. Let {Mi,F) be the t-motive associated with [E, (p) (more precisely the 
Drinfeld- Anderson- A-motive, see [49, §5]). Ml is a locally free coherent ^ <8)Fg i^-module 
equipped with an injective morphism F : a*ML — Ml, where 

a* Ml := Ml ®a®l, id ®Frob, A^v^L, 
such that coker F is annihilated by a power of X. 

Assume that (M^, F) has good reduction, that is there exists a locally free coherent ^^f, R- 
module M with Ml = M^rL such that F restricted to M gives a morphism F : a*M ^ M 
whose cokernel is a finite free i?-module and annihilated by a power of I. Then the com- 
pletion (M (g) i?[[-2;]], -F (8) id) of (M, F) along {P} x Spf i? is a local shtuka over Spf R. It can 
be viewed as a kind of Dieudonne module of the m-divisible group 

limi?[m"] where E[m''] := Q keiipa- 

n aem" 

of {E,ip); see [32]. Recall that abelian f-modules are function field analogues of abelian 
varieties, so the lim£'[m"] are analogues of p-divisible groups. In that sense we are develop- 
ing here the local theory of good reduction of t-motives at places which "divide the residue 

characteristic" . 

(b) Let {J^i,Ili,Ti) be an abelian sheaf of characteristic c over X, see [31, §1]. Then the com- 
pletions J^i '^Oc-fi- C'xH of J^i along {P} x X are all isomorphic via Ilj. Let us denote their 
common value by M. Let us further denote the common value of the (g) id^^j^j by F. 
Then (M, F) is a local shtuka over X. We may even allow P = 00 here. Then the formation 
of {M,F) is slightly more complicated and was described in [31, Construction 7.13]. 

(c) Let 

a*£ (^resp. S'—^<J*£ j 

be a right (respectively left) shtuka [23] over X. Assume that coker f is supported on 
{P} X X and that the support of coker j is disjoint from {P} x X. Let M := £®Ocx W 
be the completion of £ at {P} x X and let F := j-^ o t : a*M[^] Then 
(M, F) is a local shtuka over X. The sense in which (M, F) is local is with respect to the 
coefficients: M lives over Oc,p as opposed to over all of C. This example gave rise to the 
name local shtuka. 
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Local Shtuka are investigated in great detail in [32]. As mentioned in Example (a) they take 
up the role in the function field case that is played by p-divisible groups in number theory. The 
concept of local shtuka is actually even more general since it is not restricted to weights and 1; 
see below. In fact if X = Spec A; is the spectrum of a field in which = 0, local shtuka over X 
are precisely the analogues of F-crystals. Studying local shtuka up to isogeny leads to the notion 
of local isoshtuka. 

Definition 2.1.3. Let X be a formal scheme over Spf i? on which (" is locally nilpotcnt. A local 
isoshtuka of rank n over X is a pair {D,F£)) consisting of a sheaf D of Ox[2;l[2;~^]-niodules 
on X which Zariski locally on X is a free 0x[^l[2~^]-module of rank n, and an isomorphism 
Fd : a*D ^ D. 

Local isoshtuka over a field in which C, is zero are also called z-isocrystals since they behave 
very much like F-isocrystals in mixed characteristics; see [32]. 

A morphism of local isoshtuka over X is a morphism of the underlying sheaves which is 
compatible with the F's as in Definition 2.1.1. 

Note that a local isoshtuka over Spf A is nothing but a cr-module over ^|[2;][2;~-'^] as defined in 
Section 1.2. We view a local shtuka over X as an Ox [[-z] -lattice in the associated local isoshtuka. 
We define the tensor product of two local shtuka (M, Fm) and {N, Fn) over X as the local shtuka 

(M0o^[^jiV, Fm®Fn). 

The local shtuka (Oxl-^l,-^ = a) is a unit object for the tensor product. Also there is a natural 
definition of internal Horn's. In particular the dual {M^ ,Fm^) of a local shtuka (M, Fm) over X 
is defined as the sheaf = Homo-^^^j (M, OxI^;]) together with 

Similar definitions apply to the category of local isoshtuka over X making the category of local 
shtuka (respectively isoshtuka) over X into an Fq|2;|-linear (respectively Fq((2;))-linear) additive 
rigid tensor category. If X is the spectrum of a field then the category of local isoshtuka over 
X is abelian. In general the category of local (iso-)shtuka is an exact category in the sense of 
Quillen [50, §2] if one calls a short sequence of local shtuka exact when the underlying sequence 
of sheaves of OxH-modules is exact (compare Definition 1.2.3). 

For a morphism tt : X' —>■ X of formal schemes over Spf R we define the pullback functor 
(M, Fm) I— > {M ^OxM Ox' \z\ , Fm (8) id) from local shtuka over X to local shtuka over X' (and 
similarly for local isoshtuka). 

Local shtuka give rise to Galois representations as follows. Let X be a quasi-paraconipact 
admissible formal scheme over Spf i? and let Xj^ be the rigid analytic space over L associated to 
X; see Appendix A. 2. Let x be a geometric base point of Xj^ and let 7rf'{X]^,x) be the etale 
fundamental group (A.4.2). For example take X = Spfi?, Xl = SpL, Ox = R, Ox^ = L, 
[x^Xl) = (L^L) , vrf (Xl,x) = Gal(L^*^P/L). To any local shtuka M over X consider the 
(7-module (M 0OxM ^Xl{1) , Fm ® id) over Cxi(f )• By Proposition 1.3.5 

r,M := {{M®oxiziOxA4/{^n)^)^^^^ 

is a local system of Fqfz] -lattices on X^. We call T^M the Tate module of M. Its stalk [T^M)^ 
at X defines a representation of the etale fundamental group pM '■ '^f'{XL-,x) GL„(Fg[[z]]); see 
Proposition A. 4. 5. For a topological group G denote by Rep ,G the category of continuous 
representations in finite free Fg|[2:] -modules. 
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Proposition 2.1.4. Let he connected. Then the functor M i— > pM from the category of local 
shtuka over X to Rep^ ^^^tt'i^Xl^x) is a faithful FglzJ-linear exact tensor functor. 

Proof. Note that our functor is the composite of the Fg|z]]-Iinear tensor functors 

The first is clearly faithful and exact and the second is faithful and exact by Proposition 1.3.7. The 
third is faithful by Proposition A.4.5 and exact by [38, Lemma 3.3.1] and [EGA, Om, Proposition 
13.2.2]. □ 

Wc have not investigated the question when M ^ pM is fully faithful. Obviously it is not full 
if X = Spf R for L algebraically closed, since then the non-isomorphic local shtuka 

l{n) := (M = OkM , Fm : a*M ^ M , 1 ^ {z - C)") 

for n G Z have isomorphic p^n)- See also Remark 2.3.5. 



2.2 Hodge-Pink Structures 

We define the analogues of Fontaine's filtered isocrystals [26]. The role of isocrystals is played 
in equal characteristic by the 2-isocrystals defined in the previous section (Definition 2.1.3). The 
Hodge filtration is replaced by a Hodge-Pink structure. The theory of mixed Hodge-structures 
over ¥q{[z)) was developed by Pink [48] in analogy with the classical theory of Hodge-structures 
over local fields of characteristic zero. In the case of "good reduction" which we focus on here, we 
make the following definition which is a variant of Pink's definition. Let Ok D i? be a valuation 
ring of Krull dimension one which is complete and separated with respect to the ^-adic topology. 
Let K be its fraction field, mi^- its maximal ideal, and k its residue field. Denote by K^z — the 
ring of formal power series over K in the "variable" z — ( and by K{(z — C)) its fraction field. We 
will always assume that there is a fixed section k ^ Ok of the residue map Ok k. It yields a 
homomorphism k{{z)) — > Klz — CJ by mapping z to z = + {z — Q. 

Definition 2.2.1. A z-isocrystal with Hodge-Pink structure over K is a triple = {D,Fd, qjj) 
consisting of a z-isocrystal {D, Fd) over k and a K\z — C]-lattice (\d of full rank inside a*D ^k{{z)) 
K{{z-0). 

A morphism between z-isocrystals with Hodge-Pink structure {D, F£),c\d) and {D' , Fz)/ , qoi) 
is a morphism f : D ^ D' of z-isocrystals which satisfies /(qo) C qo'- Such a morphism is called 
strict if 

f{C[D) = (\D'^f{c7*D)®kiz))K{{z-0). 

In addition to q/j there always is the tautological lattice pD = a*D ®k{{z)) K\z — ^|. We define 
the Hodge-Pink weights of (D, Fd, qo) as the elementary divisors of c\d relative to pD- More 
precisely if e is a large enough integer such that {z — CTPd C c\d and 

n 

c\D/{z-crpD = 0i^i^-ci/(^-cr+^ 

i=l 

then the Hodge-Pink weights are the integ ers wi. • • • 1 ^^'n? which we usually assume ordered w\ ^ 
. . . < Wm- Alternatively if e is large enough such that qz) C (z — C)~'^pD then the Hodge-Pink 
weights are characterized by 

1=1 
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The category of z-isocrystals with Hodge-Pink structure possesses a tensor product by setting 

D^D; = {D^ki^))D',FD^FD',(\D®Klz-a<\D') , 

duals by setting 

= {D\FDV,RomKi,-Q{qD,Klz-a)), 

internal Horn's, and the unit object (A;((z)),F = a,c\ = p). The endomorphism ring of the 
unit object is ¥q{{z)). A subobject of {D,Fd,(\d) is given by (£)', Fp/, q/)') where D' is an Fd- 
stable A;((z))-subspacG of D, Fp/ = Fd\d'^ and q/j' C qD H (j*D' ®k({z)) ^ii^ ~ ())■ If this last 
inclusion is an equality we say that {D' , Fd' , c{d') is a strict subobject of {D,Fd,c{d)- Clearly 
every subobject is contained in a uniquely determined strict subobject with the same underlying 
z-isocrystal. Dually a. factor object of {D, F^jq^) is given by {D" , Fd" , C{d") where {D",Fd") is 
an F-cquivariant quotient of {D,Fd) and q/j" contains the corresponding quotient of It is 
called a strict factor object if moreover q£)// equals the quotient of q^- 

The category of z-isocrystals with Hodge-Pink structure is an Fg((2:))-linear additive rigid 
tensor category. It possesses kernels and cokernels, but is not abelian since the kernel of a 
morphism always is a strict subobject. Nevertheless, it is an exact category in the sense of 
Quillen [50, §2] when we make the following 

Definition 2.2.2. A short sequence of z-isocrystals with Hodge-Pink structure 

— , J-^ D!' — ^ 

is called (strict) exact if the underlying sequence of z-isocrystals is exact and / and g are strict 
morphisms, that is g{(\D) = (\D" and / identifies qo' with qo H a*D' ^k((z)) K{[z — ()). 

Remark 2.2.3. In equal characteristic z-isocrystals with Hodge-Pink structure are the analogues 
of filtered isocrystals. Indeed the lattice qo determines a decreasing filtration Fil* on the iC- vector 
space Dk := a*D (g)fc((^)) Klz - Q/ {z - Q by putting 

FU'Dk ■= {pDr\{z-Q)\D)/{{z-Q)^Dr\{z-C,fqD). 

It is called the Hodge-Pink filtration of _D. 

However there is a fundamental difference to p-adic Hodge theory in that the lattice q^, 
contains more information than just the Hodge-Pink filtration. Let us explain the reason for 
this. The Fq((2;))-algebra K{{z — QJ) plays the role of Fontaine's filtered Qp-algebra B^n which is 
a discretely valued field with valuation ring -Bj^, uniformizing parameter t, and residue field Cp. 
Let us recall the situation in p-adic Hodge theory. If i<' is a finite unramificd extension of Qp and 
{D, Ff), FU'Dk) is a filtered isocrystal then we can construct a i?j^-lattice qn in pn <8)^+ B^ji 

dR 

where pD '■= Dk setting 

qo := Fif{DK0KBdR). 
This lattice conversely determines the Hodge filtration by 

FHWk = [{pDnfqD)/{tpDnfqD)) 

In this 1-1-correspondence between filtrations and lattices not all possible Sj^-lattices can arise. 
For example if 

Dk = K^, FifDK = Dk :d FH^Dk = FH^Dk = K-v D FH^Dk = 
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for a vector v G Dx \ {0} then 



qo = pD + t "^B+j^ ■ V 

and the lattice (\d = pD + ^^^^dR ' + *^') occur if v' is not a scalar multiple of v. On 

the other hand, in the theory of Hodge-Pink structures there is no such restriction. In mixed 
characteristic the restriction stems from the facts that only Gal(i^r^'^P/K)-stablc lattices can occur 
in this way and that B^^ is a successive extension of the Galois modules Cp(0) by Cp(l), Cp(2), .... 

Now in equal characteristic, if C denotes the completion of an algebraic closure of K, the 
Gal(K^^P/if)-modules C{i) are all isomorphic as was observed by Anderson [2] and due to this 
pathology there is no restriction on q/) in equal characteristic. Moreover in equal characteristic 
the fixed field of GslI{K^^'^ / K) inside C is much larger than K. Namely by the Ax-Scn-Tate 
Theorem [4] it contains the completion of the perfection of K. Therefore we must require that 
is a lattice in (T*D(8)fc((^)) K{{z — Q) instead of a Gal(ir^^P/K)-stable lattice in cr*DiSik{{z)) ^((-2 — C)) 
like one does in p-adic Hodge theory. 

Let D = {D,Fd,c{d) be a z-isocrystal of rank n with Hodge-Pink structure over K. After 
choosing a basis of D, we let $d G GL„(fc((z))) be the matrix by which Fjj acts on this basis. 
We define the Newton slope tN{D) ■= ord^(dct <Pi)) as the valuation with respect to z of dct <I>/5. 
It does not depend on the chosen basis. On the other hand we define the Hodge slope tniD) = 
wi -\- . . . + Wn as the sum of the Hodge-Pink weights of D_- 

Definition 2.2.4. We say that a z-isocrystal with Hodge-Pink structure is weakly admissible if 
tniD) = tN{I2) s-iid one of the following equivalent conditions holds: 

(a) tH{D^) < tN{D') for any (strict) subobject of D, 

(b) tH{D") > tN{D") for any (strict) factor object D" of D. 

Proof. The equivalence of (a) and (b) is standard, see for example [48, Proposition 4.4]. □ 

The arguments of [48, §§4,5] can easily be adapted to our situation to yield the following 
result. Note that what we called weakly admissible here is called semistable in [48]. 

Theorem 2.2.5. The weakly admissible z-isocrystals with Hodge-Pink structure form a full sub- 
category of the category of z-isocrystals with Hodge-Pink structure, which has the following prop- 
erties. 

(a) It is closed under the formation of tensor, symmetric, and exterior products, duals, exten- 
sions, kernels, and cokemels. Moreover it is abelian. 

(b) A direct sum of two z-isocrystals with Hodge-Pink structure is weakly admissible if and only 
if each summand is weakly admissible. 



2.3 The Mysterious Functor 

We come to the analogue of Grothendieck's [30] mysterious functor which was defined by Fontaine 
[27]. This analogue was first constructed by A. Genestier and V. Lafforgue [28] for discretely 
valued fields K. Let us recall its definition. For reasons why this functor should indeed be 
considered the analogue of Fontaine's functor see Remark 2.3.5. 
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We keep the notation of the previous section. Let (M, Fm) be a local shtuka over Spf Ok- It 
gives rise to a z-isocrystal {D, Fd) = (M^^^j^j k({z)),FM<^ id) over k. Consider the O/^-algebras 

oo 

OkIz,^-) := {^hz': h e Ok , IkCl ^ {i ^ -oo)} and 

i=—oo 

OD 

OkIz, z-^} := { biz' : W e Ok , IhCl ^ (i ^ -oo) for all r > } . 

i=~oo 

i 

The later is contained in K{z,z-^}. We set t := '[[{'i- - ^) ^ ^qlCllz, z~^}- The following 

iGNo 

lemma is taken from [28, Lemma 2.1]. For convenience of the reader we reproduce the proof from 
[28]. 

Lemma 2.3.1. If K is discretely valued there is a unique functorial isomorphism 

Sm: M(^Oj,lz}OKlz,z-'}[t-'] ^ D^k(iz))OKlz,z''}[t~'] 
which satisfies 6m ° Fm = Fd o a* 5m and which reduces to the identity modulo vcik- 

Proof. Fix an Oi^[[2:] -basis of M and consider the induced /c((z))-basis of D. Denote the matrices 
by which Fm and Fd act on these bases by A e GL„(C>_ft:|z|[j^]) and B = ylmodrriK G 
GL„(/c((z))). To prove the existence of Sm consider first the case where G M„(C'ii'|2;|) . Via 
the section k ^ Ok we view B as an element of GL„(Ox[-2l [-z~^]) and we put 

Cm := B-B''-...-B''"' ■{A''"')-^-...-{A'')-'-A-^ G Mn{OKlz}[z-^]) . 

Let TT be a uniformizer of Ok and let d G N be a constant with A G M„((z — (^)~''0x[2l)- Then 
B G Mn{z-'^OKlz}) and A'^ - B'^ G M„(7rC»KW). I* follows that CmA = BC^_^ and 

Cm-Cm-i = B.....B''^ .{A-^-B-^r"- .{A'^'"-')-^.....A-^ G M^J^O^^H). 

Thus the sequence Cm converges in M„(0x[^, to a matrix C which satisfies CA = BC^ 

and C = Id„ modrrii^. 

Since (z — C^A G Mji(C'x[[2:|) and hence {z'^B)~^ G Mn{z~'^OKlz}) the same reasoning shows 
that 

Cm := {z-CfA-...-{{z-0''AY"'-{z-''B-'r"'-...-{z-''B-^) 

converges in M„(Ok|I-z, z~^}) to a matrix C with C z'^B = {z — Q'^AC"' and C = Id„ modtnx- 
In particular 

m ^ 

CmCm = JJ(I ~ ^)'^ ' ~ CmCm 

i=0 

converges to CC = CC = f^Idm- This shows that C G GL„(0xI-2, ^"^[i"^]) and C gives the 
desired isomorphism Sm- 

It remains to show that Sm is uniquely determined and functorial. We establish both assertions 
simultaneously by proving the following claim: If / : (Mi,Fmi) ^ {M2,Fm2) is a morphism of 
local shtuka over Ok and 

Si-. Mi(E)oHz}OKlz,z-^}[t-^] ^ Di^k(^,))OKlz,z-^}[t-^] 

are isomorphisms with 6i o FMi = Fd^ o a*5i and 5i = id modtTii^ then 62° f = (f modrriii:) o 61. 
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Fix bases of Mj and reduce them to bases of Dj = Mj '^Oxlzj ^((-^))- Let Ai, Bi and Cj be the 
matrices by which i^jvfj ■, and 6i act on these bases. Let H be the matrix corresponding to / 
and set H := i^modtrix- We must show that C2H = HCi. By construction H := C2H — HCi 
satisfies H e M^^xm (TrOi^Iz, ^)) and HAi = B2H'' . So in fact H e M„2xni (tt^OxI^, ^)) 
and iterating this argument shows that = as desired. □ 

As a consequence of this lemma a* 5m induces an isomorphism 

a* 5m : (J*M ®OkM " Cl ^ ^k{{z)) - CI = PD ■ 

The isomorphism Fm extends to an isomorphism 

Fm: a*M®OKMK{{z-0) ^ M (^OkM K{{z - ()) ■ 

We put qD := cr*5M ° (M ^o^j^i Klz — . This defines a functor H which associates to the 
local shtuka (M,Fm) over Ok a z-isocrystal with Hodge-Pink structure {D, F£),c\£)) over K. By 
construction it transforms isogenics into isomorphisms and hence factors through the category of 
local shtuka over Ok up to isogeny. 

The author had initially hoped that the functor H might also exist if K is not discretely 
valued but this is not the case. The situation is as follows. Let K be arbitrary and consider the 
category of rigidified local shtuka over Ok, that is triples {M, Fm,5m) where {M,Fm) is a local 
shtuka over Ok and 

5m: M^Oj,MOKlz,z-^}[t-^] ^ D ®k{{z)) OkIz, z-^}[t-^] 

is an isomorphism with 5m°Fm = FDoa*5M and 5m = id modrriK, and where as above {D,Fd) = 
(M, Fm) modtTift-. A morphism in this category is a morphism / : (M, Fm) (M', Fm') of local 
shtuka which satisfies 5m' ° f = (/modm/^) o 5m- On the category of rigidified local shtuka one 
defines the functor H : (M,Fm,5m) '-^ {D,Fd,c\d) exactly as above. This yields a diagram of 
functors 



{ local shtuka over Ok up to isogeny } 



a 



{ rigidified local shtuka over Ok up to isogeny } 




{ z-isocrystals with Hodge-Pink structure over K } 



where a is the forgetful functor. Lemma 2.3.1 shows that a is an equivalence of categories if K 
is discretely valued. We will further show that 

• a is always faithful (this is obvious), 

• for A G Q fixed, a restricted to the categories where the fJ-module M <^OkIz} ^{.^i 
isoclinic of slope A is an equivalence of categories (Proposition 2.3.8), 

• if K is discretely valued a is an equivalence of categories (Genestier-Lafforgue, Lemma 2.3.1), 

• if is algebraically closed a is essentially surjective but not full (Proposition 2.3.9), 
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• consider the following condition on the field K: 

let K be the closure of the compositum k'^^^K inside K and assume that 

K does not contain an element a with < |a| < 1 such that all the q-th (2-1) 

roots of a also lie in K 

if K satisfies (2.1) then a is full but need not be essentially surjective (Lemma 2.3.7 and 
Example 2.3.10), 

• the functors from the categories of the global objects from Example 2.1.2 to the category 
of local shtuka all factor canonically through the category of rigidified local shtuka (Re- 
mark 2.3.11). 

The above condition (2.1) will also appear in Theorem 2.5.3 as the minimal requirement on 
K under which every weakly admissible z-isocrystal with Hodge-Pink structure arises from a 
rigidified local shtuka. So let us remark that (2.1) is satisfied whenever the value group of K is 
not (/-divisible. This is due to the fact that the value groups of K and K coincide. 

However, before we prove these properties of the functor a let us study the functor H. 

Proposition 2.3.2. The functor H from the category of rigidified local shtuka over Spf Ok up 
to isogeny to the category of z-isocrystals with Hodge-Pink structure over K is an ¥q{{z)) -linear 
exact tensor functor. 

Wc will sec below that it is fully faithful (Proposition 2.4.10) and factors through the full 
subcategory of weakly admissible 2;-isocrystals with Hodge-Pink structure (Corollary 2.4.8). 

Proof. One easily checks that the functor is Fg((z)) -linear and compatible with tensor products and 
internal Hom's, thus a tensor functor. It remains to show that it preserves short exact sequences. 
So let M' M ^ M" ^ be an exact sequence of rigidified local shtuka over Spf Ok and 

let ^ A ^ £>" be the resulting sequence of ^-isocrystals with Hodge-Pink structure 
over K. Clearly the underlying sequence of z-isocrystals over k is exact. It remains to show that 
/ and g are strict. This follows from the facts that M ^ofz} K\z — Cl ^ ®Olz\ K\z — C,\ is 
surjective and that 

M' ®oM Klz - CI = M ®oM Klz - Cl n M' K{{z - Q) 

inside M ®o\z\ K{{z -())■ □ 

Definition 2.3.3. A z-isocrystal with Hodge-Pink structure over K is called admissible if it lies 
in the essential image of the tensor functor H. 

As an immediate consequence of Proposition 2.3.2 we obtain: 

Theorem 2.3.4. The category of admissible z-isocrystals with Hodge-Pink structure over K is 
closed under the formation of tensor products, duals and direct sums. 

As an example we define the Tate objects t{n) for n G Z in the category of rigidified local 
shtuka over Spf Fg|C]] as the rigidified local shtuka 

l(n) := (M = F4C1W, Fm : I ^ {z - QT. 5m : 1 ^ • 
They give rise to the Tate objects in the category of z-isocrystals with Hodge-Pink structure over 

Hn) := {D = ¥q{{z)),FD = z'' ■a,qD = {z-Q-'PD). 
Clearly l{n) = 1(1)®" = l^-nf . 
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Remark 2.3.5. We will explain our reasons for viewing rigidified local shtuka as the appropriate 
analogues in equal characteristic for the crystalline Galois representations from p-adic Hodge 
theory. Let K D ¥q{{()) be a finite extension and let K be the completion of an algebraic closure 
of K. Let Oj^ be the ring of integers of K. The first approach for an analogue of Fontaine's functor 
would be to search for a tensor functor from a full subcategory of Rcp^ ^^^^^ GslI{K^^'^ / K) to the 
category of 2;-isocrystals with Hodge-Pink structure over K. However there are two objections to 
this plan. 

First of all the fixed field in K for the continuous Gal(ii'^^P/ii')-action induced by the density 

of i^^^^P in K is larger than K. Indeed by the Ax-Sen- Tate Theorem [4] it equals the closure 
of the perfection of K. Thus if one imitates Fontaine's construction of -Bcris and considers as a 
candidate for the functor 

(p:Gal(i^^'=P/i^)^GL(y)) ^ (V^ ®f,((.)) Scris)''"'^'"'"/'^^ 

in equal characteristic, Bcris will be an 0-j^algebra and the functor does not yield finite dimen- 
sional k{{z))-vector spaces. 

Secondly rigidified local shtuka should be considered as analogues of the crystals associated 
to p-divisible groups. Hence if M is a rigidified local shtuka over Ok it is desirable that the 
z-isocrystal with Hodge-Pink structure obtained by this hypothetical functor from the Galois 
representation pM of Proposition 2.1.4 is isomorphic to M.{M). So consider the commutative 
diagram of categories and functors 

{ rigidified local shtuka over Ok up to isogeny } C 




I weakly admissible z-isocrystals with Hodge-Pink structure over K | 

in which the suitable full subcategory C of Rep^ Ga^if^^P/K) and the functor T are yet to 
be defined. 

If K satisfies condition (2.1) from page 38, we will see in Theorem 2.5.3 that H is an equivalence 
of categories. So the existence of the functor T together with its expected property to be fully 
faithful is equivalent to M pu being an equivalence of categories. Thus we may work as well 
with rigidified local shtuka as with Galois representations. 

On the other hand if K is algebraically closed, the notion of Galois representation is vacuous, 
whereas rigidified local shtuka over Ok still are interesting objects. Actually the Galois repre- 
sentations associated to the rigidified local shtuka \{n) over Ok from above are all isomorphic, 
whereas there arc only the zero morphisms between the z-isocrystals with Hodge-Pink structure 
associated to \(ra) and \{n) for m ^ n. Because H is fully faithful the functor T cannot exist in 
this case. 

Since the category of rigidified local shtuka is large enough such that H is an equivalence 
of categories if K satisfies condition (2.1), we propose to view rigidified local shtuka as the 
appropriate analogues in Hodgc-Pink theory of the crystalline Galois representations from p-adic 
Hodge theory. This point of view is further supported by the following three facts. Firstly 
one may even replace Ok by an arbitrary admissible formal Spfi?-scheme X and define the 
functor H for rigidified local shtuka over X with constant z-isocrystal (see the remark after 
Proposition 2.4.10). Secondly in this setting an analogue of the conjecture of Rapoport-Zink 
mentioned in the introduction can be formulated and proved in Section 3.4. And thirdly by the 
results of Kisin [42] one could also in mixed characteristic replace crystalline Galois representations 
by the analogues of rigidified local shtuka as we have explained in the introduction and take this 
point of view. 
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It remains to establish the announced properties of the forgetful functor a. We start with the 
following 

Lemma 2.3.6. Let K he arbitrary. Let N e and let A,A,C G Mn{K{z, ^)) for some r 

satisfy C = z-^ACA. 

(a) IfA,Ae M„(OxW) then C G M„(Oi^|z, ^)). 

(h) //A,IgGL„(0kW[^]) thenC eMn{OKlz,z-^}[t-^\). 

Proof, (a) The conditions on C imply that for all m > 1 

C-"" = z-^^'A'^"'-' ■....A-C-A-...-A''"'-'. (2.2) 

We write C = J2Z-ooCiz' with d G M„(X). Let d := ||C||^ = max{ |QC"| : i e Z}. Then 
\Ci\ < Expanding (2.2) in powers of z we get an expression for Cf"' which involves only 

terms from Ok and the Cj for j <i + mN. Thus 

\Cr\ < max{\Cj\: j<i + mN} < dlC™^!- 

In particular |Ci|'^'" |^|'''"'^ < d |C|~"- When m tends to infinity this implies that |Cj| < 1 proving 
part (a). 

(b) There exist integers d,e >0 with 

z^iz-CfA, z\z-CfA, z%z-CrA-\ z^z-CrX-' G Mn{OKizj). 

Then 

{t-^'^Cy = . /(^ _ (^fA . {t-^d,C) ■ z'^{z - CfA 

and by (a) we have f'^'^C , t^^C G Mn{OKlz, ^)). Now the equation 

t'^^C = z^-'^^-z^iz-CTA-^ ■{t^^C)" -z^iz-CTA-^ 

shows that t'^^C converges on aU of < \z\ < 1. Therefore t'^'^C G MnfOxlz, z~^}) and C G 
M„(C'x[^,-z"^}[t"^]) as claimed. □ 

Lemma 2.3.7. (a) If K satisfies condition (2.1) from page 38 then a is fully faithful. 

(h) Let A G Q. Then the restriction of a to the categories where M®q^^z-^K{z, ^-j-) is isoclinic 
of slope A is fully faithful. 

Proof. Let {M, Fm , Sm) and (M' ,Fm',Sm') be rigidified local shtuka over Ok- Consider a mor- 
phism / : {M,Fm) {M',Fm') of local shtuka and let / := /modmK : {D,Fd) {D',Fd') be 
the induced morphism of z-isocrystals. We must show that / respects the rigidifications, that is 
^M' o / = f °Sm- 

By Theorem 1.4.2 there is an isomorphism of cr-modules over K{z, 

i 

By Lemma 2.3.6, (p is in fact an isomorphism of a-modules 

V- M®OKlzlOKlz,Z-^}[t-^] ^ ®J'd,,n, 
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over Oj^lz, z-^}[t-'^]. We let 

i 

be the induced isomorphism where K is the closure of the compositum k^^^K inside K. We 
replace cp hy (p o 6m- Since Sm = id modmii- this does not alter (p. In this way p becomes an 
isomorphism 

i 

of cr-modules over Oj^lz, z~^}[t~^]. Note that we have lowered the field over which ip is defined 
from K to K. We make the same construction for M' obtaining the isomorphism p' and we 
set g := p' o f o (p-'^ : @^Tdi,ni ^ 0,-^d',n' and g ■= p' o fop-'^. Then Sm' o f = f o Sm 
is equivalent to g = g and on easily checks that the later holds under the above conditions by 
Propositions 1.4.4 and 1.4.5. □ 

Proposition 2.3.8. Let d, s G Z be relatively prime with s > 0. Then the functor a restricted to 
the categories where M ^QkIz} ^{^' ^"^ isoclinic of slope ^ is an equivalence of categories. 

Proof. Full faithfulness was established in Lemma 2.3.7. We prove essential surjectivity. Let 
{M,Fm) be a local shtuka over Ok with M ®c)^[2] K{z,^-y-) isoclinic of slope ^. Choose 
a basis of M and let A G GL„(0[[z|[j^]) be the matrix by which Fm acts on this basis. 

Set B := AmodvcvK 1 A' := AA'^ ■ ... ■ A'^" ^ and B' := A'modmK- A close examination of 
the proof of Proposition 1.7.2 shows that we can find a finite extension K' of K and a matrix 
VU e GLn{OK'lz, ^)) such that A' := {VU)-^A'{VUy' satisfies z''^!' e GL„(C'k' W)- 
Namely we use Proposition 1.7.2 for r = q~^''^ and the cr-module M ^OkM ^i ^g-a-i ; 
over K(—^^,^-^). In the notation of the proof of Proposition 1.7.2 we have D = z'^ldn 

and by Lemma 2.3.6 the matrix W with W'^A^W" = z'^ id„ satisfies W G GL„(0^[[z, ^)). 
Hence we may choose V G Mn{OK'[z, z"^]) close to W for a finite extension K' of K. Then 

V G GLn(^OK'lz, and the same is true for V'^A'V"'" . Now Lemma 1.7.1 produces a matrix 

U G GL„(Oi^/(^)) with z-'^A' - Idn G M„(zO;^/H) where A' := {YUy^A^VU^^ In 
particular z-'^A' - Id„ G GL„(C'x'H)- 

After enlarging ivT' we may assume that the section k ^ Ok extends to K'. Let the matrices 
B' := ^'modiTiii-' and VU := VU modm-K' be viewed as elements of GLn(^OK'lz, z~^}) via this 
section. Let 

Cm := B'-...-B"''"' ■{A'-'"')-^-...-{A')-^ 

= {z-'^B') {z-'^bY'^ ■ {z-'^A"''^)-^ {z-'^A')-^ G Gl.n{pK'lz\) ■ 

Now the arguments given in the proof of Lemma 2.3.1 show that the sequence Cm converges 
to a matrix C G GL„(C'i^'[[z]) which satisfies C = Id„ modrriii:' and CA' = B'C" . Set 

C := VUC{VUy^ G GLn{OK'lz,^)). Then C = Id„ modmi^/ and CA' = B'C'. More- 
over [BC^ A~^)A' = B'i^BC^ A^^Y and since by Lemma 2.3.7 the isomorphism 5m is uniquely 
determined we conclude that CA = BC^ . 

It remains to show that indeed C G GL„(0^|2, . Repeated application of the 

equation C = BC'^A~^ shows that C G GL„(0x"[^' where K" is the separable closure 
of K inside K' . We may replace the extension K" /K by its Galois closure. If (/? G Geil{K" / K) 
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we find (p{C)A = Bip{CY . So again by Lemma 2.3.7 we must have '^{C) = C, wlience C € 

GLn{OKlz,^)). Now the equation C = BCA-^ shows that C € Ghn{0 kIz , z-^}[t-^]) as 
desired. Thus C defines a rigidification 5m and this proves essential surjectivity. □ 

Proposition 2.3.9. If K is algebraically closed a is essentially surjective but not full. 



Proof. To prove essential surjectivity let {M,Fm) be a local shtuka over Ok- By Theorem 1.4.2 

there exists an isomorphism (p : M ^OkIzJ ^{^■> "~ — ^ ®i-^di,ni- By Lemma 2.3.6, tp is in 
fact an isomorphism 



i 

of cr-modules over [2;, 2;~^}[t~^]. Let 

i 

Then 5m '■= 'P~^'P is a rigidification of (M, Fm)- 

The easiest example showing that a is not full is the following. Let h = Yli^o ^i^^ with hi £ K 
satisfy h'' = (z - Qh, that is /if + Chi = hi-i. This implies \hi\ = [(^I'J'VCg-i) < 1. Consider the 
rigidified local shtuka M = {Ok[z\,{z - C) • cF^t''^) and M' = (Oi^[[z], a, l) over Ok and the 
morphism of local shtuka h : M —>■ M', 1 \—>- h. It satisfies h := /imodmx = and h 7^ ht~^. So 
h does not lie in the image of a. □ 

Example 2.3.10. We show that in general a need not be essentially surjective. Let K be the (- 
adic completion of the field ^q^^{{C))iC^'^~^^^ ' : z G N). Then the value group of K is isomorphic to 
Z[^] when we map C to 1. Set a = J2°lo C^^+^^"*^' and let (M, Fm) = {OkIz}®^, A ■ a) where 

A=^J ^"^)-We obtain {D, Fd) = {¥^^^{{z))®'^ , B ■ a) with ^ = ( J ^ ) • Assume that 

{ Vb V \ 

there exists a rigidification 5m on the local shtuka {M,Fm), that is a matrix C = I G 



w X 



GL2{OkIz, z^'^}[t~^]) with C = Id2 modC and CA = BC . The last equation amounts to 



u ua + {z — Qv \ _ { u"^ V 
w wa + {z — Qx 



In particular w G 0{-\Y {K) = (0) and u,tx G 0{Q)^{K) = ¥q{{z)). Since u,x = ImodC we 
must have u = l,x = and thus a+ {z — Qv = v'^ . Expand v = ^i-^' with Vi G Ok- 

Then 

^(9+1)-* + = vl + Cvi foralH>0. 

If for some i > the absolute value \vi-i\ > ' > ICl^^""^^ ^ then = \vi-i\ > \Cvi\. Since 

|^|(<?+i) * ^ increases faster than ^ we eventually find some i > with \vi^i\ < ICI^'^"''^^ ' - 

This implies \vi\ < < \C\(<i+^r'-' whence \vi+i\ = |(|(</+i)"'"V'/. in particular 

This is a contradiction and therefore the isomorphism 5m cannot exist in this example. 
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Remark 2.3.11. In contrast to the previous example, local shtuka which arise from global 
objects as in Example 2.1.2 carry a canonical functorial rigidification regardless of the properties 
of K. We illustrate this in a special case and leave the general case to the interested reader. 
Let A = ¥g[z] and fix c : A ^ Ok with c{z) = C £ ^K- Consider a t-motive over K with 
good reduction, that is a finite locally free 0/^[z]-module M together with an injcctive morphism 
Fm '■ u*M — > M such that coker Fm is a free C'ii--module and annihilated by a power oi z — Q. Fix 
an O/^- [2;] -basis of M and let A G GL„(0;<:[z][j3^]) be the matrix by which Fm acts on this basis. 

Put B := AmoAmK- Now the local shtuka associated to (M, Fm) is M = (M^q^j^.] Ok\z\.,Fm) ■ 
Since A — B ^ M„(7rOx['Z][jz^]) for some element tt G m.K the argument given in the proof of 
Lemma 2.3.1 shows the existence of a canonical functorial rigidification on M. 

2.4 Criteria for Admissibility 

We want to relate Hodge-Pink structures to the cr-modules we studied in Chapter 1. This will lead 

to a description of Hodge-Pink structures analogous to the description in mixed characteristic of 
filtered isocrystals by j»-adic differential equations; see [6]. Here in equal characteristic it is even 
possible to formulate this in a relative situation, what we now want to do in preparation for the 
analogue of the Rapoport-Zink conjecture. To be precise we make the following definition. Let 
be a field containing Fg and let the complete local ring R be an extension of k\Q\. Let X be 
a quasi-paracompact admissible formal scheme over Spf R and let Xl be the rigid analytic space 
over L associated to X; see Appendix A. 2. The main example to keep in mind is X = Spf 5° 
for an admissible i?-algebra B° (Appendix A.l) and X^ = Sp5 where B := B° iS>r L. Then 
Ox = B° and Oxj^ = B. 

Definition 2.4.1. Let {D,Fd) be a z-isocrystal of rank n over k and consider the sheaf p := 
a*D ®k({z)} ^XlIz — Cl on X^. Fix Hodge-Pink weights wi < . . . < Wn- A family of Hodge-Pink 
structures over Xl on the (constant) z-isocrystal {D,F£)) is a sheaf of Ox^fz — (^]-lattices q in 
:= p C^Ox^Iz-Cl ^^lI^ " CMj^] which is a direct summand as Ox/,-module, such that 
for every point x G X^ and for every integer e > Wn 

n 
i=l 

With the same definitions of tensor products, etc., as in the absolute case we obtain an 
Fg((2;)) -linear exact rigid tensor category. 

In the situation of Definition 2.4.1 we let = {D, Fd,c\). We define the a-module 

V := a*D^k{(z))OxA^,z~^}, Fp ■= (t*Fd^ id 

over (f , z'^}. Then V^Ox^ {z-Q = p and the Hodge-Pink structure q C V<^Oxl {z-Cj [j^] 
defines a cr-module Q over Oxi^{^,z~^} which is a modification oi V &t z = for z G No as 
follows. Consider the isomorphism rji = i^F-p o . . . o ((7'~^)*Fp) id 

m: = i^rr^OxAz-Clij^] ^ -P^OxA^-C'iij^] 

and set t = (1 - ^J^) G Oxi(f We define Q as the Ox^, (|, z-^j-submodule of V[t-'^] 

which coincides with V outside z = for i G No and at z = C^' satisfies Q (g) Ox^^lz — = 
?7i((T**q). By construction F-p induces on Q the structure of a cr-module over Oxi^{f,z~^}. 
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Definition 2.4.2. We call {V,Q) the pair of a -modules over Ox]^{^,z ^} associated with D. 
We denote the tensor functor that maps D to the pair {V, Q) by S. 

The category of pairs of fj-modules over Ox^^i^, z^^} has as objects all pairs {V, Q) of a- 
modules such that ^[i"^] = and F-p = Fq. The morphisms between {V, Q) and {V', Q!) 

are the morphisms of cr-modules V ^ V' which at the same time are morphisms Q — ^ Q'. 

Theorem 2.4.3. The functor S is a faithful ¥q({z)) -linear exact tensor functor. 

Proof. The Fg((2;))-Hnearity and the compatibility with tensor products and duals follows directly 

from the construction. To prove exactness let ^ ly ^ D ^ i2" ^ be an exact seqTicnce of 
(constant) z-isocrystals with Hodge-Pink structure over X^. Then the exactness of the underlying 

sequence of z-isocrystals implies that the sequence of a-modules — > ^ "P V" over 
Oxi^if, z~^} is exact. Moreover the sequence 











(2.3) 



of sheaves on Xl ]D)(1) is exact outside z = C^' for z G No since there it coincides with 
-p' L, -p 1^ p" ^ 0_ At z = C the sequence of the completed stalks equals ^ q' ^ q q" ^ 
and is exact by the strictness of / and g. Hence (2.3) is exact at z = ^ and the commutative 
diagram 

^a*Q' ^(7*Q ^a*Q" ^0 



Q! 



Q 



Q" ^ 

shows that (2.3) is exact everywhere. Finally the faithfulness of S results from the faithfulness of 
the functor a*D = a*D ^^iz)) Oxl (f , -^"H- □ 

We determine the composition SH in the situation of the previous section. Recall that there 
are two morphisms 



a: OkM 
mapping z to z. 



modttl/f 



klz\^K{f,z-^} and (5: O kM ^ K , z'^} 



Proposition 2.4.4. There exists a natural isomorphism of tensor functors from the category of 
rigidified local shtuka over Ok to the category of pairs of a -modules over K{^,z-^} between SH 
and the functor (M, Fm,Sm) ^ {V, Q) where 

V = a*M(^o^^zlaK{f,z-^} and Q = M ^o^lzU K{f,z-^} 

and where the morphism a* 5m ° identifies Q with a suhmodule ofV\t~^\. 

Proof. Let §H(M) = {V , Q'). Clearly V = V'. The (7-module Q is isomorphic to its image Q" 
inside V\t''^] under (T*(5m o F^ 



7-1 

M 



M0OKlzlf3K{f,z-^} 
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It satisfies Q" Klz — Q = q C V ^ ^{{^ ~ C))- Moreover, the commutativity of the diagram 

Fmo...o((t'-1)*Fm 

M^Klz-Ci'j 1 Q"®Klz-Ci'} = r?i(c7'*q) C V ® K {{z - Q'i' )) 

in which all arrows arc isomorphisms, shows that Q" (8* — = C P(8)i^((2; — C'''))- 

So M ®OkW,/3 K{^,z'^} ^ Q" = Q' as desired. □ 

As an example let us compute the effect of S on the Tate object 1 (n) in the category of rigidified 
local shtuka with Hodge-Pink structure over Fg((C)). Wc find S(l(n)) = (©(-n), t""0(-n)) . 
Since the a-module i-"O(0) over Fg((C))(f , 2"^} equals (Fg((C))(f , F = (1 - J)" • a) we 
obtain 

r^O{-n) = i-"O(0)(8)O(-n) = (F,((C))(f , z-^}, F = (z - Cf • a) 
and this also illustrates Proposition 2.4.4. 

Next we want to derive a criterion for (weak) admissibility in terms of the pair (P, Q). As 
a consequence we shall see that "admissible implies weakly admissible". In the next section the 
criterion will allow us to prove that also the converse is true, that is "weakly admissible implies 
admissible", provided K satisfies condition (2.1) from page 38. 

For an integer e we consider the cr-submodule f^V of ^[t"^] over K{^,z~^}. It satisfies 

Ff-e-p = {1 — ■ F-p and is isomorphic io V ® f~^0(O). We want to construct an isomorphism 
between t~^0{Q) and 0(e) over K{^,z-^}. For this we need to find a solution h = X]j>o ^ 
K{^,z~^y^ for the equation z~^h'^ = (1 — |) /i which we expand to /i? + C,hi = /ij-i. Since K 
is algebraically closed we may indeed find solutions hi & K of the last equation. On easily sees 
that \hi\ = ICI'^ Vte-i)^ hence h G K{^,z~^}^. Multiplication with defines an isomorphism 

t-''O{0)^K{^,z-'^} -^0{e) oveiK{^,z-^}. Hence the a-modules i^^P and P(g)0(e) become 
isomorphic over K{^,z~^}. In particular degt~^V = e ■ rkV + degP. 

Lemma 2.4.5. Let D be a z-isocrystal with Hodge-Pink structure over K . Consider the pair 
{V,Q) =S{D) ofa-modules over K {f , z'^} . Then 

tN{D) = -degV, and tniD) = degQ-degP. 

Proof. To prove the first assertion let n be the rank of D and let d = t]sf{D). Then the cr-module 
A"(D,F/)) 'E>k(iz)) ^ii^)) over K{[z)) is isomorphic to 0{—d) by Lemma 1.5.11. Therefore already 
the (7-module A'^{D, F£))'S)f.(i^z))K{f)[z^^] over K{^)[z^^] is isomorphic to 0{—d) by Lemma 1.6.3. 
So A"V^K{f,z-'^} = N^{D,FD)®k{iz))'K{^,z-^} ^ C(-d) and this implies that degT' = -d 
proving the claim. 

To prove the second assertion let < . . . < Wn be the Hodge-Pink weights of and let e be 
an integer such that Q C f'^P. Then over z^^} we have 0(deg Q) = A"Q C A'^t'^V = 

0{ne + degV). Since Q differs from V only at z = 0'' for i > 0, the K\z — C|-module 

A"(z - Cr^pD / A" ^ {0{ne + deg V) / 0(deg Q)) Klz - Q 

has length ne -|- degP — deg Q. On the other hand it has length X^"=i(e — wi). From this the 
second assertion follows. □ 
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Proposition 2.4.6. Let D, = {D,FD,qjj) be a z-isocrystal with Hodge-Pink structure over K 
and let {V, Q) = S(^) he the associated pair of a-modules over K{^,z^^}. Then D is weakly 
admissible if and only if the following conditions hold: 

(a) deg Q = and 

(b) for any Fo-stable k{{z))-subspace D' C D, the saturation Q! of [D' ^j^i^^^^-j^K , z~^} , Fd/^DQ 
inside Q satisfies deg Q' < 0. 

Proof. Note that ((£>' $D K{^, z^^}, Fdi), Q') is the pair of cj-modules associated with the strict 
subobject {D' ,Fdi ,(\d') of ^ with q^?/ = c\d^(^* D' ®k{{z)) Ki^z — CJ). Thus the claim follows from 
Lemma 2.4.5. □ 

Theorem 2.4.7. A z-isocrystal with Hodge-Pink structure D_ over K is admissible if and only if 
the associated pair of cf -modules {V,Q.) over K{^, z^^} satisfies the condition that Q is isoclinic 
of slope zero. 

As an immediate consequence we obtain 

Corollary 2.4.8. Every admissible z-isocrystal with Hodge-Pink structure is weakly admissible. 

Proof. Let _D be an admissible z-isocrystal with Hodge-Pink structure over K and let {V, Q) = 
E>{D). Then Q is isoclinic of slope zero by Theorem 2.4.7, hence semistable. Therefore any non- 
zero (T-submodule Q' of Q has deg Q' < deg Q = and the assertion follows from Proposition 2.4.6. 

□ 

Proof of Theorem 2.4-7. If D is admissible let M be a rigidified local shtuka over Ok which 
induces D. We have Q = M ®OkM -^(f '^~^} t»y Proposition 2.4.4. Fix a basis of M and let 
$ = Yli>o^i'^^ ^ GL„(if|2;]) be the matrix by which Fm acts on this basis. Let K be the 
completion of an algebraic closure of K. Since $o S GL„(K) there exists a matrix S G GL„(K) 
such that 

S-l^S^ G ldn+Mn{zKlz}). 

Then M(E)K{{z)) is isoclinic of slope zero by Lemma 1.5.11. By Proposition 1.6.6, Q^K{^, z~^} = 
M K{^, z^^} is isoclinic of slope zero. By its very definition this means that Q is isoclinic of 
slope zero. Alternatively one could consider the equation U = <^U" and explicitly show that it 
has a solution with U € GL„(K(|)). Then Q®K{^,z-^} ^ 0(0)®". 

The converse follows from the following proposition using Corollary 1.7.6. □ 

The next result gives a criterion for a family of Hodge-Pink structures on a constant z- 
isocrystal to arise from a rigidified local shtuka. Although we need this result for the proof of 
Theorem 2.4.7 only in case L = K and = SpiiT, we formulate it in a relative setting over 
quasi-paracompact quasi-separated rigid analytic spaces (see Appendix A. 2). These are precisely 
the spaces which admit quasi-paracompact formal models; see Theorem A. 2. 4. For any formal 
Spf i?-scheme X we denote the special fiber X ®r k by Xq. Recall that for an admissible formal 
i?-algebra B° one sets 

oo 

B°{z) = { XI • ^ l^^l ^ ^ oo) } and 

1=0 
oo 

B°{z,z-^) = {J2biz': bieB°, \bi\^0{i^±oo)}. 

i=— oo 
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These are again admissible formal i?-algebras. We further denote the passage to the associated 
affinoid L-algebra B := B° C^i? L by dropping the superscript °. 

Proposition 2.4.9. Let {D^Fd) he a z-isocrystal over k. Let Xj^ be a quasi-paracompact quasi- 
separated rigid analytic space over L. Let q be a family of Hodge-Pink structures on (D,Fd) over 
Xl. Consider the associated pair {V, Q) of a -modules over Oxj^ {^,z~^}. Assume that Q contains 

an Oxi^{^) -lattice Q' on which Fq is an isomorphism. Then there exists a quasi-paracompact 
admissible formal model X of Xl over Spf i?, and a rigidified local shtuka {M,Fm,Sm) over X 
with M iSiOxM^Xol^iiz^^] — OjsToW and such that the Ox — Q^-lattices q and 

a* 5m o F^l {M ^OxM \z — Cl) coincide inside 

a*5M((T*M®OxMOxA^-a[^]) = <^*D<^kiz))OxA^-Q[^]- 

Proof. Let {X]^}^ be an affinoid covering of Xl which is locally finite. For each i we will construct a 
quasi-compact formal -R-scheme X* and a rigidified local shtuka over X* as in the assertion which 
satisfies a maximality property by which it is uniquely defined. Then by [10, Theorem 2.8/3] 
there exist a quasi-paracompact formal i?-model X of Xl, open formal subschcmes J7* C X, and 
admissible formal blowing-ups — > X*. By their maximality property the pullbacks to of 
the rigidified local shtuka glue yielding the desired rigidified local shtuka M on X. 

Now fix an i and a formal i?-model X* = Spf 5° of During the proof we will replace 
Spfi?° by various admissible blowing-ups X' of Spfi?°. To ease notation we will then work on 
an affine open subset of X' . The reader should note however, that all our operations and the 
further admissible blowing-ups we need are globally defined on X' . 

After tensoring with a suitable Tate object we may assume that Fd G M„(/c|z]]) • cr and 

V C Q. We fix a /c[z] -sub module E of a*D with a*D = E ®k[z] ^ii^)) ^-i^d consider the sheaves 
M := E ®k[z] B°{z,z-^) on S^iB°{z,z-^) and V := E (^k[z] B{z) on Sp5(z). Then V = 

V ®B{z) Consider the 5(|)-lattice Q' C Q. By construction Q' and V coincide on 
SpB(|, |) \ V(z — Q and are related at z = C by 

Q'®Blz-Q = q D P = V®Blz-C,\. 

We glue Q' and V over Spi?(|, |) \ \{z — C) to a sheaf Tl on S\)B{z) which coincides with 
Q' at z = C- The isomorphisms (J*Fo and Fq define a morphism Fjr^ : (j*Tl ®b{z) ^{-^} ~^ 
Tl ®b{z) -^^{^} which is an isomorphism outside z = C, and satisfies cokerFjr^ = q/p. We can 
think of Tl ®b{z) ^{^} ^ the rigid analytic part of the desired rigidified local shtuka M. Our 
task is now to actually construct the formal model M of !Fl ®b{z) 

By Lemma A. 6. 2 we may replace X by an admissible blowing-up X' and assume that Tl and 
H extend to a locally free coherent sheaf T on Spf B° (z) with the maximality property that for 
any morphism /3 : Spf C° X' of admissible formal Spf i?-schemes 

r(spfc°(z), = r(Sp(c°0ijL(z)), n r(spfc°(^,^-i), 

which uniquely determines T. We put M. := T ®b°{z) B°\z\. The morphism (T*Fd induces an 
isomorphism 

Fj^ := a*FD0id: a*Af ®b°{z,z-^} B°lz, z~^) — ^ A/" ^bo^^^^-i^ z"^) , 

oo 

where B°lz,z-^) ■= { Yl ■ ^i^B°' M ^ {i ^ -oo) } . 

i=—oo 

Then Fjr^ and F_\f extend by Lemma A. 6.4 to a morphism F_\4 : a*A4 Ai. Since T is locally 
free, M. and a*M are locally on Spf 5° isomorphic to S°|2;]'*. After we fix bases of M and a*M 
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the morphism corresponds to a matrix $ G M„(5°|2;|). Consider the commutative diagram 
with exact rows 







■a*M 



■M 



-^0 



^ a*M ®B°iz\ B{z} ^ M ®B°izi B{z] ^0. 

Since W = coker Fj^^ is killed by a power of 2: — C there exists an clement / G B{z} with 
/ • det <I> = {z — CY for some e G Nq. Now det $ is a unit in the ring B°\z,z~^) since 
M®B°lz\B°lz,z-^) = c7*L'0fc((^)) Therefore / G 5{z}n 5° = B°lz\. We 

deduce that V is killed by {z — (Y- Consider the exact sequence of i?°(|)-modules 

^ a*M ®Boi,i M ®Bo|^j ^ V ^ . 

By [12, II, Theorem 4.1] there exists an admissible blowing-up X" of X' such that on any affine 
open subset Spf C° of X" the coherent C°-module V 1^13° C°/(C-torsion) is locally free. In the 
exact sequence of C°(|)-modules 

^Torf°(F,C°) ^(^*M ®Bo|,j C°(f) ^M«)Bo|,j C°(f) ^V^B° C° ^0 

the C°-module Torf°(y,C°) is killed by (z - C)^ So it must vanish since a*M (^b°Iz} C°{^) 
is free. Also by [12, II, Lemma 4.5], V ®b° C° has no (^-torsion and is therefore a locally free 
coherent C°-module. Replacing B° by C° we conclude that {M-,Fm '■ cr*M. — >■ M) is a local 
shtuka over X" . With the canonical rigidification 

M ®o^„H Ox"lz,z-^}[t-^]^a*D®kiz)) O x"\z , z-^}[t-^\ 

D®kiz))Ox"l^,z-^}[t-^] 

it satisfies 

M®o,„lziOx'^\z-\[z-^] = 0;,.H[z-i] 

and a*5M o F]^ [M ®o^„M "CI) = q inside a*D ^^{(z)) Bfz - Q[j^]. □ 

By similar arguments one can also prove the following 

Proposition 2.4.10. ThefunctorM : (M, Fm,Sm) i— Fd, q) between the category ofrigidified 
local shtuka over Ok up to isogeny and the category of z-isocrystals with Hodge-Pink structure 

over K is fully faithful. 

Proof. The faithfulness follows from the faithfulness of SH : M (V, Q) which is a consequence 
of Proposition 2.4.4. To prove fullness let {Mi,Fi,6i) for i = 1,2 be rigidified local shtuka over 
Ok- Let D^^ := Il{Mi,Fi,Si) be their associated z-isocrystals with Hodge-Pink structure over K 
and let {Vi, Qi) := = SH(Mj, Fi, 6i) be their associated pairs of cr-modules over K{^, z~^}. 

Consider the cj-module Q'^ := Mi <^OkIz} ^(f) over K{^). It satisfies Qi = Q • K{^,z''^}. 
Let / : Di D2 be a morphism and let / : Qi ^ Q2 be the induced morphism. Then by 
Proposition 1.3.5(a) 

feHom,{Qi,Q2fiK) = 7iom,(Q; ® )[z-i], ® K(f )[z-i])^(i^) . 
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Therefore we may fix an integer n such that z"/ induces a morphism of o"- modules z"/ : Q'^ Q!^- 
Fix a rational number r with < r < 1 and let "P,- := ct*-D,- " « K I 



module Mj 



is obtained as the gluing of Vi with Q'^ via Fio[a*6i) ^ over SpK{ 



\{z—(). Moreover, since Mj is a (locally) free Ox [-^l -module we can recover Mj as the intersection 
inside Mj (8)0^ [^j K{-^, where we set 



OKlz,^i) := { ^ bieOK,\biC\^0{i^ -00)} 



By what was said above the morphism 2;"/ : D^^ Dj^ induces the two compatible morphisms 
z^f ■ Ml ®OkIzI K{^) ^ M2 ®OkIzI K{^) and 



-^1 '2>OkW 



<5i 



^1 ®k({z))OKlz,^) 



OkIzM) 
62 

D2 ®fc((2)) OkIz,^) 



and therefore the desired morphism 2;"/ : Mi M2 of rigidified local shtuka. 



□ 



Remark. Let X be an arbitrary admissible formal scheme over Spfi? and let {D^Fd) be a 
z-isocrystal over k. Consider the category of rigidified local shtuka {M,Fm,Sm) over X with 
constant z-isocrystal {M,Fm) ®OxM C'xoW[^"^] = {D,Fd) O^p)) OxoW[-2"^]- Here the 
rigidification consists of an isomorphism 



5m ■■ M 



Oxlz,z-'}[t-'] 



D®k((z))Oxiz,z-^}[t-^] 



with Sm ° Fm = Fn o a*dM and Sm ^ '^'^OxqMIz-^ = i^D- Then one can define the functor 

Mx '■ {Ad, Fm . 5m) i-^ {D,Fj;),c\) from rigidified local shtuka (M, Fm ,5m) to families of Hodge- 
Pink structures on {D, Fd) like in case X = Spf Ok and the above proof shows the full faithfulness 
also for Mx over X. 



2.5 Weakly Admissible Implies Admissible 

As before assume that there is a fixed section k ^ Ok of the residue map Ok — > k. Assume 
that K satisfies condition (2.1) from page 38. Let ^ be a z-isocrystal with Hodge-Pink structure 
over K. We want to show in this section that if is weakly admissible then it is already 
admissible. This fact was first proved by Gencsticr and Lafforgue [28] under the assumption 
that K is discretely valued with perfect residue field k. Here we give an entirely different proof 
which instead parallels the proofs of Berger [6] and Kisin [42] of the analogous result in mixed 
characteristic. As a preparation we need the following lemma which holds even without the above 
assumptions on K. 

Lemma 2.5.1. Let M he a a-module over K{z, z"^} and let N d M ® z~^} be a saturated 
a-submodule over K{^, z~^}. Then there exists a unique saturated a-submodule N G M over 
K{z, z-^} with N K{f,z-^} = N. 
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Proof. Repeated application of Lemma 1.6.8 allows us to extend N (gi K{^, ^) to a saturated 

cr-submodulc Ni of M ® K{-^~, ^) for all i G Nq. Gluing these with N over K{^,^) defines 

a saturated subsheaf N oi M which is Fj^^-invariant. By definition N is the desired saturated 
(7-submodule of M. □ 

The key to showing that weakly admissible implies admissible is the following proposition. 

Proposition 2.5.2. Assume that K satisfies condition (2.1) from page 38. Let D be a Hodge- 
Pink structure over K . Consider the associated pair (V, Q) = S{D_) of cr -modules over K{^, z^^}. 
Let Q' C Q be a saturated a-submodule over K{^,z^^} and let V' be the saturation inside V of 
V n Q'. Then there exists a subobject D! of D with {V, Q') = S(^')- 

Proof. If the subobject D_' = {D' , Fdi , c\d') oi D = {D, Fj:),c\d) exists we necessarily must have 
({d' = Id n a*D' <8>fc((2)) K{{z — 0) since Q' C Q is saturated. Conversely it suflfices to establish 
the existence of an Fp-stable subspace D' c D with a*{D',F£)\£)/) 'Sik{{z)) = 'P' ^ 

(T-submodules of V, since then qn fl a*D' <X)fe((z)) ^ii^ ~ 0) is the desired Hodge-Pink structure. 

(a) First we claim that it suffices to prove the existence of D' under the additional assumption 
that k is algebraically closed. Namely, let k^^^ be the algebraic closure of k inside K and let K be 
the closure inside K of the compositum k'^^^ ■ K. Note that K and K have the same value group. 
Assume we are given an Fo-stable A;^^s((2;))-subspace D' such that 

as submodules of u*D ®k(iz)) K{^,z~^}. Set '■= (\d ® K\z — Cl H u*D' <8)feaig((^)) K(^z — Q) and 
assume that S{D' , Fd' , qo') = {V, Q!) ® K{^, z'^}. We must show that D' descends to k{{z)). 

By Lemma 1.2.5 we may assume that dim^aig((2)) -D' = ^^k(^ z-^}'^' ~ Choose a basis 
ei, . . . , e„ of D over k{{z)). Then D' is generated over k^^^{{z)) by a vector = aiei + . . . + a-^en 
with Gi G k'^^^{{z)). Without loss of generality, ai 7^ and we can assume ai = 1. On the other 
hand V' is generated over K{^,z~^} by a vector w = bi a*ei + . . . + 6„ C7*e„ with 6j G K{^, -^~^}- 
Since a*D' ® K{^,z^'^} = V' ® K{^,z~'^} there exists a unit a G K{^,z~'^Y with w = aa*v. 
We find that 61 = a G K{f,z-^y D K{f,z-^} = K{f,z-^y (for the last equality use [11, 
Lemma 9.7.1/1]). This yields af = a-\ G k^s{{z)) H K{f,z-^}. By expanding in powers of z 
we conclude that a"" G k{{z)) because k'^^^ D K = k. So a*D' descends to k{{z)). Since Fd maps 
a*D' isomorphically onto D' also D' descends to k{[z)) as desired. 

(b) From now on we work over K. By what was said above it suffices to assume that 
vkV' = 1 and to prove that T" K{^, z~^} descends to a a- submodule a*D' Ca*D(^ k^^'^{{z)). 

Then D' = {a-^ya*D' C D (g) /c^^sp)). Lemma 2.5.1 allows us to extend V (g) K{f,z-'^} to a 

saturated c-submodule V' of V := a*D g'k{{z)) ^{z, z^^}. Now consider the slope decomposition 

{D®k-Hz)),Fn) - 

i=l 

from Theorem 1.2.10 and set D\ := for A = ^. It induces the slope decomposition 

p^^^p^ with Vx ■■= cr*Dx (gk-^Hiz)) K{z, z'^}. Let d := degV'. We claim that P' C Pa/i- 

To prove the claim consider the induced morphisms f\-V' ^V\. By Proposition 1.4.5, 
f\ = {)ii\<d. Thus it suffices to show that fx = also for X > d. Twisting with 0{—d) allows us 
to assume that d = 0. Set - := A > with positive integers e and s and assume /a 7^ 0. Replacing 
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a by (T* (and q by q^) we may assume that V\ = 0(6)®", that is = z ^ ■ a. Projeeting onto 
a suitable summand we find a proper inehision V' C 0{e). There exists a rational number r with 



1 < r < q such that the cokernel of V' C 0{e) is supported on IJjygz Sp^(^;p777 — )• We tensor 
the inelusion V' C ©(e) with the principal ideal domain K{^, ^) and we let Yli=o '^(-^^ ^ ^[^] 

the corresponding elementary divisor. Note that the length of the cokernel {^0{e)/V') 0K{^, ^) 
is e by Proposition 1.4.4. We may assume = 1. Then the are uniquely determined by 
Lemma 1.1.2. In particular < |ao| < 1 since otherwise the length of the cokernel would be less 
than e. The cr-invariance of the inclusion V' C 0{e) implies that we find 'Y^^i=o'hi'^ ^ ^[A ^ 
the elementary divisor after tensoring with K{-^^, ^-^)- Proceeding in this manner we obtain 

Aq G K for arbitrarily large u. But this is impossible since K satisfies condition (2.1) from 
page 38. Thus fx = for all A 7^ d and so V C V^/i- 

(c) After twisting D with 0{—d) we obtain V' C Vx for A = 0. We let ei, . . . , e„ be a basis 
of Dx on which Fd acts as a. Then F-p^ = a and one sees that a*Dx = V^{K) <8>F(,((2)) fc'^^^((-z))- 
We claim that 

a*D' := (P')^W®F,((.))A;^^((4 
is the desired cr-submodule of (7*D(8) A;^s((2;)). Let = ai cr*ei + . . . + a„ (T*e„ with G K(|,2;~^} 
be a generator of T". Since degP' = there exists an isomorphism V' (8> K{^,z~^} = O{0) of 
(7-modules over K{^,z~^}. Thus we find a unit b G K{^,z~^}'^ with F-p^{h'^a*v) = bv, whence 
{bai}'^ = btti G ¥q{{z)). It follows that b G K{^,z~^}^. Replacing v by 6u yields v G cr*£);^ and so 

V descends to a a-submodule a*D' with cr*£)' ®jkaig((^)) K{^,z''^} = V'® This proves 

the proposition. □ 

Theorem 2.5.3. Assume that K satisfies condition (2.1) from page 38. Then the functor "El is 
a tensor equivalence between the category of rigidified local shtuka over Ok up to isogeny and the 
category of z-isocrystals with Hodge-Pink structure over K which are weakly admissible. In other 
words, weakly admissible implies admissible. 

Remark. We will show in Example 3.3.2 that weakly admissible need not imply admissible if K 
does not satisfy condition (2.1). 

Remark. To define a Hodge-Pink structure on a fixed z-isocrystal one needs only finitely many 
elements from K. Therefore every z-isocrystal with Hodge-Pink structure can be defined over 
a field K which is topologically finitely generated over its residue field (which it contains by 
assumption) . It might at first glance seem surprising that such a field could fail to satisfy condition 
(2.1). See however Example A. 2. 2(d) which shows that such a field can even be algebraically 
closed. 

Proof. Let {V, Q) = S(i2)- By Theorem 2.4.7 we must show that Q is isoclinic of slope zero. By 
Proposition 2.4.6 the weak admissibility implies that deg Q = 0. Assume that Q is not isoclinic. 
Then the Slope Filtration Theorem 1.7.7 yields a saturated cr-submodule Q' C Q over K{^, z^^} 
which is isoclinic of negative slope, hence has positive degree. Let V' be the saturation inside V 
of P n Q'. Prom Proposition 2.5.2 we obtain a subobject D' of D with S(^') = {V, Q'). Then 
tH{D^) — tN{D_') = deg Q' > by Lemma 2.4.5 contradicting the weak admissibility. This proves 
the theorem. □ 
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Chapter 3 

Period Spaces 



This chapter is devoted to the investigation of period spaces for Hodge-Pink structures. In 
Sections 3.1 and 3.2 we construct these period spaces, similarly to the period spaces Rapoport- 
Zink [51] constructed for Fontaine's filtered isocrystals, and we show that the admissible locus 
is Berkovich open. Wc illustrate this theory by describing some examples for period spaces in 
Section 3.3. Finally in Section 3.4 we formulate and prove a precise analogue of the conjecture 
of Rapoport-Zink mentioned in the introduction. 

3.1 Period Spaces for Hodge-Pink Structures 

In this section our aim is to study period spaces for Hodge-Pink structures which arise similarly to 
the period spaces of Rapoport and Zink [51] in mixed characteristic. Let k be an extension of Fg. 
Let n be a positive integer and let h G GL„(A;((z))) . Let Rep^ ^^^^^ GL„ be the category of Fg((2;))- 
rational representations of GL„. To any object V of Rep „ GL„ we associate a z-isocrystal 
over k 

{V®k{{z)), h-{\d®a)) . 
This defines a faithful Fg((z)) -linear exact tensor functor from Repj^ GL„ to the category of 

2;-isocrystals over k. Let g € Ghn{k{{z))) and b' = gbig'")'^. In this case we say that b and b' 
are a-conjugate. Then multiplication with g defines an isomorphism between the tensor functor 
associated with b and the tensor functor associated with b'. 

Definition 3.1.1. A cr-conjugacy class b in GLn{k{{z))) is called decent if there exists an element 
6 G 6 and a positive integer s such that 

(b-aY = b-b" ■ ...-b"''^ -a' = diag(z^\...,z"'") -a" 

where di/s are the slopes of the z-isocrystal D over k{(^z)). We call b a decent element in b and 
the above equation a decency equation for b with the integer s. 

The following result is proved in the same manner as [51, Corollaries 1.9 and 1.10]. 

Proposition 3.1.2. (a) If b is decent and b and s are as in Definition 3.1.1. Then b G 
G'Lnik' {{z))) where k' = ¥qs n k. 

(b) 62 G 6 satisfy a decency equation with the same integer s, then bi and b-2 are cf -conjugate 
in GL„(fc'((4). 

Proposition 3.1.3. // k is algebraically closed then any a-conjugacy class in GL„(A;((^;))) is 
decent. 
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Proof. This follows directly from Theorem 1.2.10. □ 



Lemma 3.1.4. Ifb(zb satisfies a decency equation with the integer s then every 6 - ( id ® a) -stable 
subspace ofV ® Vf^{{z)) 
base change to ^q^^i^^z)). 



subspace of V ®¥q^^{{z)) is obtained from a unique b- {id iSxj) -stable subspace o/ F F^s ((z)) by 



Proof. Let D' C F ®Fq'^((z)) be a 6- ( id (8i(T)-stable subspace. By Lemma 1.2.5 it suffices to show 
that D' descents to ¥qs{{z)) provided that D' has dimension one. Choose a basis ei, . . . , e„ of V 
and a generator v = aiei + . . . + a„e„ of D' with Oj € ¥q^^{{z)). Without loss of generality ai / 
and we may assume ai = 1. There exists a unit a G ¥q^{{z))^ with ba*v = av. By the decency 
condition this implies 



diag(^;^i, . . . ,2;^") • 



Hence z"^^ = aa'^ ■ . . . ■ a'^' ^ and as desired all belong to ¥qs(lz)) (and are zero if di ^ di). □ 

Now let ii' be a complete extension of k{[Q) and let b € GL„(/c((z))) and 7 € GL„(i<'((z — (")))• 
To any Fq((2;))-rational representation p : GL„ ^ GL(y) we associate the z-isocrystal with 
Hodge-Pink structure 

H{V) := Hb,^{V) := (v ki{z)) , p{b) ■ ( id 0a) , ^(7) • {V Klz - CI)) • 

Consider the composition dety op it factors through det : GL„ Gm in the form dety op = 
(det)"*^ for an integer ruv We obtain 

tN{Hb^-yiV)) = mvord2(det6) , tH{Hb^^(y)) = -m^ ord2_^(det7) . 

The following equivalence of assertions parallels the case of mixed characteristic. Note however 
that its proof is more subtle since the category Rep GL„ is not semi-simple as opposed to 
Rep^GL^. 

Definition 3.1.5. We call the pair (6,7) admissible if one of the following equivalent conditions 
holds: 

(a) for any Fq((2;))-rational representation V of GL„ the z-isocrystal with Hodge-Pink structure 
Hi,^^{V) is admissible, 

(b) there exists a faithful Fq((2;))-rational representation V of GL„ for which the z-isocrystal 
with Hodge-Pink structure Hi,^^{V) is admissible. 

We make the same definition for weakly admissible. 

Proof. Clearly (a) implies (b). For the converse fix a faithful representation V. Then any ¥q({z))- 
rational representation W of GL„ is a subquotient of U := 0[^i y^^i ^ (yv^(S>ni f^j. suitable 
r, rrii and n^. Since U is admissible by Theorem 2.3.4 (respectively weakly admissible by The- 
orem 2.2.5) if V is, it suffices to show that (weak) admissibility is preserved under passage to 
sub-representations and quotient representations. 

The weak admissibility of the faithful representation V (which necessarily has 7^ 0) implies 
ord^(det6) = — ord2_ij(det7) and thus 

tN{Hb,^{W)) = tH{Hb,j{W) 
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for all representations W. Now let be a representation such that Hi,.y{W) is weakly admissible. 
Then the equivalent conditions from Definition 2.2.4 show that for every sub-representation or 
quotient representation W' of W also Hj,^^{W') is weakly admissible. 

If W is actually admissible let (P, Q) = S(i?ft^^(VF)) . Then Q is isoclinic of slope zero by The- 
orem 2.4.7. If W C IF is a sub-representation set {V , Q!) = S(i/f,^^(VF')) . Over an algebraically 
closed complete extension C oi K the a-submodule Q' of Q is isomorphic to ©j^dj,ni- Since Q 
is isoclinic of slope zero, all c/j < by Proposition 1.4.5. Since 

Y,di = degS' = tH{Hk,^iW')) -tN{Hi,,^iW') = 

i 

by Lemma 2.4.5 all di must be zero and Q! is isoclinic of slope zero. By Theorem 2.4.7, Hi)^^(yV') 
is admissible. Dually if W" is a quotient representation of W and {V" , Q") = S>(^Hb^^{W")) with 
Q" (8> C(^, z"^} = 0j^(ij,ni ) the fact that Q is isoclinic implies c?j > and degQ" = implies 
di = 0. So again Q" is isoclinic of slope zero and Hh^^{W") is admissible. □ 

We consider the (faithful) standard representation V = ¥q((z))®" in Rep „ GL„. We also 
fix Hodge-Pink weights w = {wi < . . . < Wn)- 

Definition 3.1.6. The space H = Ttw of Hodge- Pink structures of weights w is defined as follows. 
For any Fq((0)-algebra B we set pB = V 'S>Wg{{z)) Bfz — Q and we let H(-B) be the set 

— Cl-lattices q in P_b[^^] which are direct summands as B-modules 
such that for every point x G Spec B and every integer e > Wn 

(z-c)-wqa. = e-=i'^(a^)i^-ci/(^-cr"^ }■ 

Remark 3.1.7. As was noted in Remark 2.2.3 the lattice q contains more information than just 
the Hodge-Pink filtration. We have to allow for this in the definition of H. It is not possible 
here to define 7i solely through the Hodge cocharacter as is done in mixed characteristic [51, 
1.31]. Correspondingly TC will not be a partial flag variety but a partial jet bundle over a partial 
flag variety (see below). The jets precisely take account of the fact mentioned in 2.2.3 that more 
general lattices can occur in equal characteristic as opposed to p-adic Hodge theory. 

Now let 

qo := 0(^-C)-"'%((C))I^-Cl c (pr^((^)))[^]. 

i=l 

Then qo has Hodge-Pink weights w. Fix an integer e with —e<wi and Wn < e. Then 

{z-cyp c qo c (z-cy^p- 

li K D ¥q{(Q) is a field and q € 'H{K) then by the theorem on elementary divisors, q is conjugate 
to qo under GLn{Klz — CI)- Therefore Hw is represented by the homogeneous space 

GLn{{z - 0-'p)/Stab(qo) = GL„((z - 0~'P/(^ - C)'p)/Stab(qo/(2 - Cyp) ■ 

Let G he the Weil restriction 

G •■= ^^^*^(f,((cMz-C1/{.-C)^«)/f.((C))^^" • 
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It is a smooth connected algebraic group over (((")) and isomorphic to GL„((z — (") '^p/(z--(")^p) . 

The stabiUzer Stab(qo/(2: — CTp) is the smooth closed algebraic subgroup S C G defined over 
Fq((^)), whose 5- valued points are 

S{B) = {{aij)ij e G{B) = GL4Blz-Q/{z-Cf')■■ 
aiJ e (z-cr-^^Biz-a/iz-cf ioi i<j}. 

Thus the homogeneous space Ti = G/S is a smooth algebraic variety over Fg(((^)) and the quotient 
morphism G H is smooth. H is quasi-projective, since giving q^; is equivalent to giving the 
subspace 

c\x/{z-cypx c {z-o-^p:c/{z-cypx 

and this defines an embedding of H into some Grassmanian. The group S is contained in the 
parahoric subgroup S C G with 

SiB) = [{aij)ij G GiB) = GL4Blz-Q/{z-Cf'): 

aij G (2; — C)^iz — CI/ {z — Cf^ whenever Wi < Wj | 

and the quotient G/S is a partial flag variety over Fg(((^)) onto which H naturally projects. The 
fibers of this projection are isomorphic to S/S, that is they are affine spaces. Altogether we have 
proved the following 

Proposition 3.1.8. The space 'Hw is a, smooth quasi-projective variety oi'er Fq((C)). More pre- 
cisely, it is a partial jet bundle over a partial flag variety. □ 

Example 3.1.9. Let n = 3 and wq = —1 < Wi = < W2 = I- Then e = 1 and H equals the 
quotient of G = ^estr(F^((^))|^_^]/(^_^)2)/][r^((^)) GL3 by 

/ * a-iz-0 \ 
5=1* * b-{z-0 }. 



Here 




a-{z-C) c-{z-C) 
* b-iz-C) 



and so H is a line bundle over the full fiag variety. 

Next we want to construct analytic subspaces of TCyj defined over 

iiO)- We fix an element 

b G GLn(¥q^^{{z))). Let x G Hw{K) be a point for a complete extension K of Fg'^((C)) and let 
be an element of GLni^K {{z — ())) with qx = 'fx-px- The point x is called {weakly) admissible with 
respect to b if the pair (6, 7^;) is (weakly) admissible, that is if the z-isocrystal with Hodge-Pink 
structure 

HbaAV) = (V^¥f%z)),b-{id0a),q, 



is (weakly) admissible. This definition does not depend on the choice of 'fx- 

We will show in Theorem 3.2.5 below that the subset of all weakly admissible points is a rigid 
analytic subspace of Hw'Si^q^^ {{()). However, in order to define the subspace of all admissible 
points it is best to consider the variety Hw <8) ¥q^^{{Q) as a Berkovich space (see Appendix A.2) 
instead of rigid analytic space. The reason is that one should not only consider its classical rigid 
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analytic points (whose residue field is finite over Fg ^((C))) but also their i^-valued points for 
arbitrary complete extensions K of Fg'^(((^)). Namely by Theorem 2.5.3 the z-isocrystals with 
Hodge-Pink structure at the former points are already admissible as soon as they are weakly 
admissible, whereas this is not true for the later points. The difference between the subspaces of 
admissible respectively weakly admissible points can thus only be revealed if one considers also 
the later points. The Berkovich space associated to 'H^i^^q'^^iiC,)} naturally contains those. 

So we let T-L^ be the Berkovich space over F^'^(((^)) associated with the variety T^m, <8)Fq^^((C)) 
(see Appendix A. 2) and we denote by = 'H'^'\ (respectively = ^) the subset of weakly 
admissible (respectively admissible) points of Ti.^. Of course these sets may be empty if the 
numerical invariants w are wrong. In the next section we shall see that they are open analytic 
subspaces of Hf;^. 

Definition 3.1.10. The space 'H^"'i, is called the period space of Hodge-Pink structures of weights 
w on the (constant) z-isocrystal {V (E> k{{z)), b ■ (id<8>(T)). 

Proposition 3.1.11. Tensoring with the Tate object 11(e), that is replacing b by z^b and q by 
{z — ■ c\, defines an isomorphism TLui ~^ '^w;, where u/ = {wi + e < . . . < Wn + e). This 
isomorphism maps ^ onto 'H'^, ,^ei, and H'!^'jj onto T^^f^e^. 

Proof. This follows from the admissibility of the Tate object 11(e) and Theorems 2.2.5 and 2.3.4. 

□ 

The space TCw is equipped with an action of the automorphism group J of the z-isocrystal 
(y (g) k{{z)), 6 • ( id 'S>cr)) . This action stabilizes the subsets H° and 'H'^'\. The group J can be 
described analogously to the situation in mixed characteristic. 

Proposition 3.1.12. [51, Proposition 1.12] Let b G GL„(F^'^((2;))) then the functor on the 
category of ¥q{{z))- algebras A 

J{A) := {5eGL4^®F,((,))F^-'g((4) : gb = bg^} 

is representable by a smooth affine group scheme over¥q{{z)). 

Proposition 3.1.13. [51, Corollary 1.14] Assume that b G GL„(Fgs((z))) satisfies a decency 
equation of the form 

{b-ay = diag(2^\...,2'^") -a" 

and let su : G„t GL„ be the cocharacter over ¥g{{z)) with su{z) = diag(z"'i , . . . , z'^"). Then J 
is an inner form of the centralizer of su. It is a Levi subgroup of Ghn<Si¥qs((^z)). 

3.2 Openness of the Admissible Locus 

The key to showing that the admissible locus is Berkovich open is the following lemma. Recall the 
definition of the analytic spectrum A4{B) of an afHnoid Fg(((^))-algebra B from Definition A. 2.1. 

Lemma 3.2.1. Let U = M{¥q(l()){^)) be the closed disc with radius \(\ over¥q{{Q). Let j,d,e 
be positive integers with j < d. For a point x E U consider the element 

e-l 

j2z-'"'+^ui-' mod (z-cr = J2yp(^-o' 
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in k{x)^^s^z — Q/{z—(Y . ZeiAp ^^^^^ = M(¥q{{C))[Yo, . . . ,Ye-i]) be the Berkovich space associated 
with affine e-space over¥q{(Q) and let a{x) be the point of given by 

¥,{{0)[Yo, . . . ,Y,_i] Yp ^ yp. 

Then the map a : f/ — > x i— > a{x) is a continuous map of topological Hausdorff spaces. 

Proof. Note the following explicit formulas for the yp. 



" 1 dP 

Vp = 



Since \u\x < |C| for all x G U we see that the yp{x) are bounded. Hence the image of a lands 
in a polydisc 3(7])" = X(Fy((C))(^, • • • , ^)) with radii (|r/|, . . . , |r/|) for some r/ G F5((C)). By 
definition of the topology on ^^^q and U (Definition A.2.1), a is continuous if and only if for 
any / G Fg(((^))[yo5 • • • 5^e-i] and any open interval I C M>o the preimage under a of the open 
set 

is open in U. Write / = J2ij,^tJ-X.- where G lFg((C)) for every multi-index /x G Nq. If we set 
Yp = Yp + Yp we obtain from the Taylor expansion of / in powers of y" a bound c such that the 
condition \Yp\x<c for all p implies 

|/(y)UG/ and |i:U<H ^ \f{Y!)\xeI and IH'U < N • 

Now we fix a negative integer m and set 



Since |«^'^|a; < 1 for any G Z and any x E U we can find a small enough m such that \yp\x < c 
for all p and for all a; G t/. Thus we are reduced to showing that 

W = {xeU: \f{y'oiu),...,yi_,{u))leI} 

is open in U. For this purpose consider the map /3 : (Fq(((^))(^^)) — > U given by = 
It is a homeomorphism since it is a continuous map between compact spaces, which is bijective 
because any morphism Fg(((;))(^) k{x) uniquely lifts to a morphism ¥q{{Q){-^) 
We have y'p G ¥q{{Q){-^) for all p, and since the map 

■M(n((C))(^)) -^(A^^((C))), v^{y',iv),...,y'^_,{v)) 

is continuous, the set W is open as desired. □ 

Theorem 3.2.2. Let b be a a-conjugacy class in GL„(Fg^^((z))) and let b G GLn{¥qs{{z))) be a 
decent elem.ent ofb satisfying a decency equation with the integer s > (Definition 3.1.1). Let 
7if^ be the Berkovich space over¥qs[[Q) associated with the variety '^ty ®F(,((c)) ^q^iiC))- Then the 
set 

HI := := {xGHf"": {D,FD,qx) is admissible} 

is Berkovich open in Hf^ . If b' &b satisfies a decency equation with the same integer s then any 
g G GLn(¥qs[(z))) with b' = gb{g~^Y induces an isomorphism <\x ^ g{<\x) ='■ %{x) between Ti.^ 
and H^, . 
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Proof, (a) The last statement is clear. We prove the first. By Proposition 3.1.11 we may tensor 
with a suitable Tate object and assume that all Hodge-Pink weights are non-positive. Fix an 
integer e bigger than the absolute values of all Hodge-Pink weights. So {z — (Yp C q C p. 
Consider the pair {V, Q) of d-modules over 0'n^n[^^ z^^} defined by the universal Hodge-Pink 
structure. By Theorem 2.4.7 a point x G TC^'^ belongs to the complement of if and only if 
Qx is not isoclinic of slope zero. By Theorem 1.4.2 and Proposition 1.4.5 the later is the case if 
and only if for some algebraically closed complete extension C of k{x) there exists a non-trivial 
homomorphism of c-modTilcs over C{f,z-^} from JFi_„ to C(|, z''^ }. Let ,s' be the least 
common multiple of ,s and n and replace s by s'. From now on we view all d-modulcs as c7*'-modulcs 
by replacing F by F^. As a a^'-module J-^i^n is isomorphic to C(^)®'^- So if x is not admissible then 
for some algebraically closed complete extension C of k{x) the cr^'-module Qx'S>C{^, z~^} contains 
a (T*-module 0(1). Conversely the later implies that Qx (8) C{^,z~^} ^ 0(0) as cr-modules and x 
is not admissible. Now there is an isomorphism 

Uom^s{0{l), Qx®C{f,z-^}) ^ Qxi-1), ^ ^ fil). 

We identify the z'^j-modules underlying Qx and Qx{-1)- Then Qx{l) = {Qx,F' = z-F^J. 
We obtain 

Hom,.(0(l), Q,®C(f,z-i}) ^ y e{Vi-l)^C{l,z-'}f\c): 

f e {crT(\x ® Clz - C^l for all r = 0, . . . , s - 1 } . 

Recall the algebraic groups G and S C G from the previous section and the isomorphism 7i = 
G/S. Let Gf^ be the Berkovich space over ¥qs{(Q) associated with the group scheme G <^¥gs{[z)). 
Thus X G Hg^ is not admissible if and only if there is a point g G Gf^ mapping to x, an 
algebraically closed complete extension C of k{x), and an / G (V{—1) C(|, 2^"^})^ (C), / 7^ 
with 

{g-'ry G (c70*qo C[z - C'l forallr = 0,...,s-l. (3.1) 

(Note that = g ■ qo-) A priory {g'^Y"^ f G {a^Yp ® C|z - C^"^]], so the later condition is 
Zariski-closed. 

(b) For 7? G Fqs((C)) consider the polydisc ©(r/)''"^ = A^(Fg.(^, . . . , ^^^)) over Fg.((C)) 
with radii (|?7|, . . . , \ri\). We represent the X-valued points of D(r/)''"'^ in the form {hrYr=o '^ith 
hr = T.'j=lyjr{z - C^'y where yjr G B(r/)"(K) = {y € K"" : \y\ < |r?| }. We shall exhibit in (c) 
below a constant r] G ¥qs(lQ) and a compact subset C of the polydisc B){r]Y^^ such that if C is 

an algebraically closed complete extension of Fg((C)) and / G (P(— 1) (g) C{^,z^ }) (C), / 7^ 
then for some integer N, 

( z^ f mod {z-c^'rY'' 

is a C-valued point of C, and G consists precisely of those points. Note that z G C[[2: — Cl^ is a 
unit. Now we view p/(z — QYp as affine ne-space over Fgs (((")) by interpreting, for any F|js(((^))- 
algebra B, an element YX^ ~ C)* ^ P/i^ - CYP ® B with fieBas the point (/i)i=o of 
afHne ne-space. We consider the continuous map 

r=0 

{9, (hrYrZl) - [{g-Y -hr mod {Z-Cy)lll 
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and the closed subset W of Gf^ ^F^sCCC)) defined by (the pullbaek of) condition (3.1) and 

the condition that (/ir)^Zo belongs to C. Furthermore, we consider the projection map 

pri: xB(?7)^'^^ ^ 

onto the first factor and the canonical map 7 : Gg'^ TCg^ coming from the isomorphism Ti. = 
G/S. By what we have said above, x G Hg'^ is not admissible if and only if x G 7 o pri{W). 

Since D(r/) is quasi-compact the projection pn is a proper map of topological spaces by [7, 
Proposition 3.3.2], thus in particular it is closed. Hence pri{W) C Gf^ is closed. Note that 
carries the quotient topology under 7 since 7 is a smooth morphism of schemes, hence open by 
[8, Proposition 3.5.8 and Corollary 3.7.4]. Since by construction pri(H^) = 7~^(7 opri(VF)) we 
conclude that 7if° \ Ti'^ = 7 o pri(W) is closed in Hg^ as desired. 

(c) It remains to construct the compact set C. We write the cr^-module V{—1) as 0^=^ 0{di). 
Assume that in the beginning the Tate object was chosen such that di > 1 for all i. Then for any 
algebraically closed complete extension C of F^(((^)) 

n 

{Vi-l)®C{l,z''}f\c) = 0O(d.)^^(C) 

i=l 

n di — 1 

1=1 i/GZ j=0 

by Proposition 1.4.4. Consider the compact set 

U := M(¥gs(iQ){^: i = l,...,n,j = 0,...,di-l)') 
and for 1 < A; < n and < £ < dk — 1 the compact subsets 

Uk,i := m(f,.((C))(^: z = l,...,n,j = 0,...,d,-l; g^)) 

= { \uij\ < Id for all i,j and ICI''" < \uk,e\ } • 
of U. For X E U we have Uij G k{x) and we define yi,r,p G k{x)^^s by 

e— 1 n di — 1 

J2y^,rA^-<'^y = ©E^"'''E^'< mod(z-c''^)^ 

p=0 1=1 1/GZ j=0 

in ^(x)^slz - C^l /{z- (I'Y for all r = 0, . . . , s - 1. We let 

A|-,- := A^(F,.((C))[y^,.,p;foralH,r,p]) 

be the Berkovich space associated with affine sne-space over ¥qs and we obtain a map a : U ^ 
A|"^ mapping the K(x)-valued point x given by Uij G k{x) to the K(x)^'s-valued point given 

by Yi^r,p yi,r,p £ k(x)^^s. By the same argument as in Lemma 3.2.1 one proves that a is 
continuous (compared to Lemma 3.2.1 here only the number of variables has blown up). Thus 
C ■= a(Ufc,f f/fc/) C A|"f is compact and contained in a polydisc D(r?)*"^ = M{¥q{{Q{^)) 
for large enough \r]\. Note that multiplying 

with z changes Ujj to Uij-i for 1 < j < — 1 and Uifi to u^^,_-^. Thus G has the desired property 
formulated in (b). Putting everything together the theorem is proved. □ 
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Corollary 3.2.3. There exists an affinoid covering A4{Bi) ofTi'^ (in the sense of Definition A. 2. 3) 
and for each i a Bi{^)-lattice Ni in Q on which F : a*Ni Ni is an isomorphism. Moreover, 
the Ni (g) Bi{^)[z~^] glue to a canonical a-module over 0-na{^)[z~^]. 

Proof. By definition the d-module Q over O^u^i^^^ z~^} is isoclinic of slope zero. Choose an 
affinoid covering M{Bi) of H'^. Then the assertion follows from Theorem 1.7.5. Note that the 
Ni (g) Bi{^)[z~'^] are uniquely determined by Theorem 1.7.5 and thus glue canonically. □ 

The strategy for the proof of Theorem 3.2.2 also allows us to show that the weakly admissible 
locus is Berkovich open. 

Theorem 3.2.4. Let b be a a-conjugacy class in GL„(Fg'^((2;))) and let b G GLn[¥qs([z))) be a 

decent element ofb satisfying a decency equation with the integer s > (Definition 3.1.1). Let 
Hg^ be the Berkovich space over¥qs{(Q) associated with the variety T^w'^Vg{{Q ^g^iiO)- Then the 
set 

:= n^,, := {xenf": {D,FD,qx) is weakly admissible} 

is Berkovich open in Hf^ . If b' Gb satisfies a decency equation with the same integer s then any 
g G GLn(¥qs[(z))) with b' = gb{g~^Y induces an isomorphism (\x ^ g{'^x) ='■ ^g{x) between 
and n^,''. 

Proof. By Proposition 3.1.11 we may tensor with a suitable Tate object and assume that all 
Hodge-Pink weights are non-positive and thus q C p. If wi + . . . + Wn 7^ tiy{D,F£)) then 7Y^" 
is empty. So we now assume equality. Then at every point of Tig'^ we have deg Qx = 0. By 
Proposition 2.4.6 and Lemma 3.1.4 a point x G Hf^ is not weakly admissible if and only if 
there exists an Fo-stable Fqs((z))-subspace D' C D such that S(D',Fo/,q^) = ("P^, Q^) satisfies 
deg > where = q^^ n a*D' ®Wgs{{z)) '^(■^)((^ ~ C))- Let n' := dim^^^((^^'j^ D' and consider the 
family of Hodge-Pink structures A"'q on the exterior power A" .D over Tif^ Then the subspace 
N^'D' is one-dimensional. Let A' G Z be its slope, that is D' ®¥f^{{z)) = 0{-\'). Consider the 
slope decomposition of the z-isocrystal /\^ D = @^D\ from Proposition 1.5.8 and the induced 
decomposition of = ^y^Vx with Vx := a*Dx ®¥gsiz)) CHj"(f We have A^'D' C -Da' 

because after the faithful extension to Fg^^((z)) all morphisms A"'Z)' ^ A"'-D Dx are zero for 
A 7^ A' by Proposition 1.2.12. At the non-weakly admissible point x there exists an algebraically 
closed complete extension C of k{x) and an isomorphism A" Q' ® C(|-, z~^} = 0{c) of cr-modules 

over C(|,z~^} by Corollary 1.4.3 where c := deg Q' > 0. The saturation of A"'Q' inside A"'P is 
^n'p ^ (7*A"'r>'(8)F^,((^))/«(a;)(|,2-i}. Since A"> and A"'Q differ only at z = for i/ G No the 
same is true for A" V' and A"™ Q! . Considering their degrees we see that A"' q^ = {z—Q~^ ""^-A" p^. 
By the decency assumption {FnyY = z^'^ ■ a*, hence a* A'^ D' can be recovered as 

(7*A"'l>' = (a"V0O(A'))^'(C) C (Pa' 0C(A'))^'(C) = (7*A"'l>. 

Let / G {Vx' ® 0{\'))^\C) be a generator of a* A!"' D' over ¥qs{{z)), respectively of A'^'P' over 
k{x){^,z-^}. In particular (^-C)"^'"V e A"'q;. To summarize, if a point x G Ti.^^ is not weakly 
admissible then the following holds: 

there exists an integer n' with 1 < n' < n, an isoclinic summand Vx' of /\^'V of slope 
A G Z, an algebraically closed complete extension C of and a non-zero element „x 

/ G {Vx'^iO{\')Y\C), such that {z-Q'^'-^f G A^'q^, and / and F{u* f) are linearly 
dependent over C((2; — C)). 

Note that the elements / and F{a*f) of the Fgs((2;))-vcctor space o"*A"'D are linearly dependent 
if and only if they are over C{{z — Q). So conversely (3.2) implies that / defines a subobject of 
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rank one of (A"'Z), A"'Fd, A^'q^^) which contradicts weak adniissibihty and hence x ^ TC^"" by 
Theorem 2.2.5. Thus it suffices to fix an integer n' with 1 < n' < n and a slope A' G Z, and to 
show that the set V^',a' of the points x G Tif^ with this property is closed. 

Before Lemma 2.4.5 we have constructed a cr-module t~^0{Qi) over Fq((^))(|, z"-*^} where 

* '■= lii&S^ ~ ^ ) ^ 1^9((C))(f,^~^}, and an isomorphism of a-modules t-^C'(O) ^ 0(1), 
1 H- > /i over Fg(((^))(^, for a suitable unit h G Fg((C))(|, Consider the cr-module 
V := Vx' ® 0{\') (8) t~^C'(0) over C'-^an(^, ^-1} and the inclusion T^y ® 0{\') C "P coming from 
the inclusion C(0) C t-^C'(O). It identifies A'^'p with {z - QV ® On^n Iz-Q. Multiplication with 

h is an isomorphism of d'^-modules V >■ 0{s)®"^ over Fg((C))(f where m = rkPy Then 

(Vx' (8) C'(A'))'^''(C) equals the set 

{ / G P^°(C) : / G (z - ® Clz - for all < r < s - 1 } 

^ G (0(s)®'")^'(C) : /G K)* A"'p(8)C[z-Cn for allO<r<s-l}. 

Recall the algebraic groups G and S C G defined in the previous section and the isomorphism 
H = G/S. Let Gg^ be the Berkovich space over Fgs(((^)) associated with the group scheme 
G (g) ¥qs{{z)). Then x G Hf^ belongs to V^',a' if and only if there exists an algebraically closed 
complete extension C of k{x), a C- valued point g G Gf^ mapping to x, and a non-zero element 
f = hfe (0(s)®'")^'(C) with 

/ and F{a*f) linearly dependent over C{{z — Q) , 

/ G K)* A"' p (8 C[z - C^l and (3.3) 

for all < r < s - 1. A priory / , (g'^ f e {z - C')-^^')* A"'p ® C[z - Cl, so condition 
(3.3) is closed. This property is similar to the property formulated at the end or part (a) of the 
proof of Theorem 3.2.2 and from here on we proceed completely analogous to parts (b) and (c) 
of that proof. We leave the details to the reader. □ 

We have seen in the preceding theorems that the sets Ti'^ and 7i^" are open subspaces of the 
Berkovich space Hf^. Now there is a functor 

X I — > X"^ := {x & X : k{x) is a finite extension of L} 

from Berkovich spaces over L to rigid analytic spaces over L. It restricts to an equivalence of 
categories on the category of paracompact Berkovich spaces (sec Appendix A. 2 for a discussion of 
the terminology and this equivalence). Therefore the following result is of interest. It will allow 
us to view 7^^" and as Berkovich spaces or rigid analytic spaces whichever is more convenient. 

Theorem 3.2.5. In the situation of Theorems 3.2.2 and 3.2.4 the Berkovich spaces and H^"" 
are arcwise connected and paracompact. Moreover the open immersion Ti.^"" ^ identifies 
^wayig ^j^j-j^ admissible open subset of (7^|")"s. 

Proof, (a) By construction T-tf^ admits a countable covering by (strictly) Fqs(((^))-affinoid subsets 
(see Appendix A. 2). Then by Lemma A. 2. 5 the open subsets Ti'^ and are paracompact. 

It remains to show that the subset {7i^°'y^^ C (7Y|°)'^'^ is admissible open. By Lemma A. 2. 5 
we can choose for every analytic point x G 7^^" an affinoid neighborhood Ux C Then 
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^-j^wayig _ |J_^^^^^^{7^)"g. By [11, Proposition 9.1.4/2] it suffices to show that for any morphism 

</7 : y -> from an affinoid Y with C the covering {ip-^Ul''^}^enr 

admissible. For that it suffices by [8, Lemma 1.6.2] to show that for every analytic point y € Y 
the point ip{y) belongs to H'^"'. Namely then ip~^Utp{y-) is a neighborhood of y and the hypotheses 
of loc. cit. are fulfilled. 

(b) So now assume that there exists a morphism ip : Y ^ Tig^ with (^(y'^) C [Tl]^^)"^ and 
an analytic point y & Y such that x = (p{y) is not weakly admissible. Then we have shown in 
condition (3.2) in the proof of Theorem 3.2.4 that there exists an integer n' with 1 < n' < n, 
an isoclinic summand Dy of A" D of some slope A' G Z, and a non-zero element / G (t*Dx' 
generating an Fp-stable subspace of dimension one, such that {z — ~^ f G A" q^;. Now the 
set of points 

{y'GY: (z-C)-^'-Vg A"'q^(,,)} 

is Zariski-closed in Y because p/q is locally free coherent over Tif^. In particular we can find a 
point y' in this set whose residue field K,(y') is a finite extension of Fgs((^)). But then ip{y') G 
(p{Y"s) \ which is a contradiction. 

(c) To prove the connectedness of H^^ and note that every Berkovich space is locally ar- 
cwise connected by [7, Theorem 3.2.1]. By Proposition 3.1.8 the variety Hw has a finite cov- 
ering by affine spaces. Hence the space 7ig^^ has a countable affinoid covering by polydiscs 
U ^ M{¥gs{{C)){^,...,^)) for varying ?? G Vqs{{Q. Since the points x € H^" with k{x) 
finite over ¥gs([()) lie dense in HI'"- by [7, Proposition 2.1.15] it suffices to exhibit for every such 
point X € 7Y^" n [/ a continuous map a from the compact interval [0, 1] into 7Y^" D U such that 
a(0) = X and a{l) is the point corresponding to the supremum norm on U; see Example A. 2. 2(b) 

So let X G Ti^" n U with k{x) finite over Fgs(((^)) be the point with coordinates Xi = bi € k{x), 
\bi\ < Ivl- We let a map t G [0, 1] to the point 

P{ibi,...,bn),m,---,t\r]\)); 

see Example A. 2. 2(c). Then a is easily seen to be continuous. It remains to show that a{t) lies 
in H.'^"'. For t > the prime ideal ker | . corresponding to a{t) is the zero ideal. Since we 
have shown in (b) above that the set U \ H^"' is a union of Zariski closed subsets of U and since 
it does not contain the point a(0), we obtain a{t) G H^". 

At last consider the set Ti.^. If x G H [/ is a point with k{x) finite over Fqs(((^)) then 
a([0, 1]) C TC^ n [/ by Theorem 2.5.3. Namely, the value group of K(a;(t)) is generated by 
\¥qs[[Q)(bi, . . . ,bn)^ \ and t\r]\ and hence is not g-divisible. So K.(^a{t)^ satisfies condition (2.1) 
from page 38. This establishes the connectedness of and H^. □ 

We should also note what happens if b is not decent. 

Theorem 3.2.6. (a) Let b G GLn(Ff ^((z))) . Then the sets W^" and HI of weakly admissible, 
respectively admissible, points inside the Berkovich space ('^^t£(8'Fq^^((^)))'^" are open, arcwise 
connected, and paracompact and {J-i^^-y^^ is an admissible open rigid analytic subspace of 

(b) If b' = gb{g~^Y /'^'^ some g G GL„(Fg^^((z))) then the automorphism c\x ^ g{(\x) ='■ <^g{x) 
of 'Hw^¥q^^{{()) maps TC'^'^ (respectively TC^) isomorphically onto Tiy" (respectively Tify). 

(c) If b satisfies a decency equation with the integer s then the spaces from (a) are obtained by 
base change from the corresponding spaces over ¥qs{(Q) constructed in Theorem 3.2.5. 
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3.3 Examples of Period Spaces 



We want to illustrate the theory developed in the previous sections. 
Example 3.3.1 (The Hopkins-Gross Period Space). 

Let n be a positive integer and let D = ¥q{{z))®"'. Fix a basis ei, . . . , e„ of D and let 

b = G GL„(F,((z))) 

be the matrix described in equation (1.1) on page 12. Then b satisfies a decency equation with 
the integer s = n. Fix the Hodge-Pink weights w = {wi = . . . = Wn-i = < Wn = i)- Let qo be 
the span 

= ( ei, . . . , e„_i , (z — C) )Fg((c))[z-C] ■ 

Its stabilizer 



Stab qo 



c gl4f,((c))[z-C1)- 



is a maximal parahoric subgroup with quotient H = ¥^ ^^-^y The universal pair {V,Q) of a- 
modules over OT^an z^^} satisfies Q D V = J--i^n and deg Q = 0. Hence at every point 
X G Wf"^, Qx is isoclinic of slope zero by Theorem 1.4.2 and Proposition 1.4.5. So ^ = 
'^w% ~ '^s^ ~ '^v~n([Q- '^^^ automorphism group J of the z-isocrystal equals where A is 
the central skew field of invariant ^ over ¥q{{z)). The space 'H^'\ with its J-action is the period 
space studied by Hopkins and Gross [34, 35]. Note that they also studied the analogous situation 
in mixed characteristic and interpreted as a period space of filtered isocrystals; see also 

[51, 5.50]. Our example provides the hitherto missing analogous interpretation of P"~^ in equal 
characteristic. 

Example 3.3.2. Let n = 2 and fix a positive integer d. Let D = Fq((z))®^ and let 

J G GU{¥q{{z))). 

Then b satisfies a decency equation with the integer s = 2. Fix the Hodge-Pink weights w = 
{-d<0). The lattice 

qo = ((^-0" 



A 0^ 



has stabilizer 



Stabqo = {(* /^')} C GL2(F, 



The stabilizer corresponds to the Borel subgroup of lower triangular matrices inside the group 
G := ^es*^(F,((o)i.-c]/{-C)'^)/F.{{C)) and so H = RestrF^^^^^^^ is the full (d - l)-jet bundle 
over the projective line. It has dimension d. 

Let us first assume that d is odd. Then H'"'' = H^^^^ = = W ® Fg2((C)) since there 
are no Fo-invariant subspaces of D. The automorphism group J of (D,Fd) equals A^ where 
A is the central skew field of invariant — | over ¥q{{z)). The universal pair of cr-modules over 
O-Hf^i^-, satisfies Q C V = J^d,2- Let x G be a point and let C = k{x) be the completion 
of the algebraic closure of k{x). The point x is admissible if and only if Qx is isoclinic of slope 
zero. By Theorem 1.4.2 and Proposition 1.4.5 this is equivalent to 

Q(-1)^(C) = {fEV{-lf{C):feqx^Clz-a} = 0. 
Now we distinguish the cases 
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d=l : We have P(-1)^(C) = (J^_i,2)^(C) = by reasons of degree, hence Hl^^ = HZ'^i, = UT- 
This situation is dual to the period space of Hopkins-Gross from the previous example. 

d = 3: We have P(-1)^(C) = (J^i,2)^(C) = 

Inside the 3-dimensional space the set Vy"- \ is parametrized by the C- valued points 

of the curve (one dimensional compact Bcrkovich space) 7V4(Fq((C))(^, . However, the 
map from this curve to T-C""" is not analytic but only continuous. By Theorem 2.5.3 it does 
not hit any classical rigid analytic point of Ti'"'^ (these are the ones whose residue field is a 
finite extension of the base field Fq2((C))). It does not even hit a point whose residue field 
satisfies condition (2.1) on page 38. At first glance it might seem surprising that there are 
points in HJ^"^ whose residue field, which is topologically finitely generated, does not satisfy 
(2.1). See however Example A. 2. 2(d) which shows that this occurs naturally. 

d = 5: WehaveP(-l)^(C) = (J^3,2)^(C) = 

z ■{/=V^ „2.+i „2.+i „ „2.+i : uo,'Ui,'U2 G C, 
\ul +zul +z^ul J 

|no|, |ni|, |'U2| < Id < |nj| for some z } . 

To summarize, for odd d > 3 the points of 7i""* \ HP" inside the d-dimensional space Hy"^ are 
parametrized by a (d — 2)-dimensional compact space. 

Now let us turn to the case where c? = 2c is even. Fix an element A G F^2 \ Fg and let 

, = ( f ) -0 6' = r%' = ( I' ) . 

Then b' satisfies a decency equation with the integer s = 1. So we replace 6 by 6'. The automor- 
phism group J of (£), Fd) equals GL2 (Fg((^))) . It acts on Hg through PGL2 (Fq((2;))) . The univer- 
sal pair of (T-modules over Ouf^ (f , 2"^} satisfies Q(lV = 0(c)®2 and D = a*D = r{-c)^{nT)- 

Let X G Hf^ be a point and set C := k,{x). By the criteria formulated in the proofs of Theo- 
rems 3.2.2 and 3.2.4 the point x is 

not weakly admissible if and only if there exists an 

/iG (P(-c)®C(f,z-i})^(C), ^7^0 with (z - C)'~^/t G q,, ® C[z - CI , 
not admissible if and only if there exists an 

/G (7'(-l)C5C(f,z-i})^(C), //O with /€q,^C|z-Cl. 
Again we distinguish the cases 

d = 2 : Then c = 1 and H°' = H^°'. The points which are not weakly admissible are precisely 
the points 



giO+g'iOiz-O 
1 



K{x)lz-a + {z-O^P for ge¥,lzl 

1 



and q = { ) •'^(^)[^-Cl + (z-Cfp. 
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Consider the projection of Wf'S which is the tangent bundle over ^^q, to Pj, ^^^q. In 

each fiber over a point in ((^)) (lPg((C))) there is exactly one point which is not weakly 
admissible. 

d = 4 : Then P(-1)^(C) = 0{lf{C)^^ = (F,H -{U : a eC, |C^| < |a| < |C|})®' by 
Proposition 1.4.4. Let / = (^J^) with a,(3eC, jC^I < |a|, \p\ < |C| and g G ¥qlzj. If a = p 
then f = f^-hioT h= (I) e V{-2)^{C) = D. So the points 

q = (^^^'^^'''^^'-^^'yf,{x)lz-C} + {z-O'p for ge¥g{{z)),aseK{x) 
and q = ( / ^ ) ' '^(s^) 1^ - Cj + (-^ - O^P for «3 e 



03(2; - C) 

are not weakly admissible and the points 



for a,/3 G C, |C^| < \a\,\/3\ < \C\ , a ^ P , g E ¥q{{z)y are weakly admissible but not 
admissible. 

Along these lines on can as well determine the sets and 7Y^" for d > 4. 

Example 3.3.3. We let again n = 2 and D = Fg((z))®^. Let d be a positive integer and set 



J) € GL2(F,((.))) 



It is decent with the integer s = 1. Fix the Hodge-Pink weights w = {—d < 0). Then Ti. is the full 
{d — l)-jet bundle over P^ ^^^q with dimension d. The automorphism group J of the z-isocrystal 

equals the maximal split torus of diagonal matrices in GL2(Fg((z))). It acts on Tlf^ through 
PGL2(Fq((z))). The universal pair of cr-modules over C»w|n(|,z-^} satisfies Q c V = 0(^)00(0). 

Here {D, Fu) is not isoclinic. It has precisely two Fo-invariant subspaces namely D' = ¥q{{z)) (q) 
and D' = Fq((z))(°). On the second subspace Fjji = a, so there §(!>', F/j/, q^)/) = (T", Q') always 
satisfies V' = 0(0) and deg Q' < 0. This is in accordance with weak admissibility. 

For the first subspace we obtain V' = 0{d) and deg Q' > if and only if {z — C)'^~^(o) ^ 1- 
Therefore the points which are not weakly admissible are 



1 

a,{z - C) + . . . + ad-i{z - Cf-^ 



k{x)Iz - CI + (z- Cfy for ai G k{x) 



We may therefore identify with affine d-space ^^^q over Fg((C)) by mapping the point 
(ao, . . . jOrf-i) G Ap with values in an afiinoid Fg((C))-algebra B to 



Under this identification J acts on A^ ^^^^^ as follows. The element ^ ^ 1 ^ ^ maps the point 

(ao,...,ad_i) G A^^^(^)) to 

/ g{d-i) . 

[giOao , 5(C)ai +5''(C)ao , ••• , ff(C)Qd-i + g'(C)«d-2 + " • • + _ i); (0 "oj " 
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To describe the admissible locus note that there is an isomorphism 

V{-lfiC) = (O(d-l)©0(-l))^(C) ^ Oid-lf{C), f-O^f. 

In particular, if a; € TY^" is not admissible then ('•^ "q ) G and so x is not even weakly 
admissible. Therefore = Hf"" = A^^^^^. In the next section we will construct interesting etale 
coverings of H^. 

3.4 The Conjecture of Rapoport and Zink 

In this section we want to formulate and prove the analogue of the conjecture of Rapoport-Zink 
[51, p. 29] mentioned in the introduction. It states the existence of interesting local systems 
of Fg((z))- vector spaces on TC^f,- For the notion of local system see Definition AAA. We can 
summarize the results from Section 3.2 as follows. 

Theorem 3.4.1. The sheaf of F -invariants induces a canonical local system Vq of¥q{{z))- 
vector spaces on (7Y^)"^ with = lirnVg. 

Proof. Consider the covering of TC^^ by the Ui := M{Bi) from Corollary 3.2.3 and on Ui consider 
the sheaf Nf of F-invariants. By Proposition 1.3.5, T^Ni := ({Ni (g> is a 

local system of Fg|2;]-lattices. Prom the gluing of the A^^ Bi{^)[z~^] we obtain isomorphisms 
over Ui x-^a Uj 

^ij: T.Ni^Fqdz)) ^ T,N,0¥gi{z)) 
which satisfy the cocycle condition. Then 

Vq := {{Ui^nt},T,Ni,<pij) 

is a local system of Fq((z))-vector spaces on {H^Y^^ with 

limVQic/. = (limr,iV,)®F,wn((z)) = Q^\u,. 

Note that the Ui Tt'^ arc affinoid subdomains which form an affinoid covering in the sense 
of Definition A. 2. 3 as was predicted by Proposition A. 4. 7. The local system Vq is uniquely 
determined since it actually only depends on the cr-modules ® Bi{^)[z~^] which are canonical 
by Corollary 3.2.3. □ 

Prom the theorem we derive the analogue of the conjecture of Rapoport-Zink. Namely, re- 
call that the pair {V, Q) and the sheaf were constructed in Section 3.1 out of the faithful 
representation V = Fg((z))®"' in Rep „ GL„. Moreover the constructions of the pair {V, Q) of 

cT-modules, the sheaf , and the local system Vq are given by tensor functors in Theorems 2.4.3 
and 3.4.1 and Proposition 1.3.7. Since any Fg((2;))-rational representation of GL„ occurs as a 
subquotient of 0[=i V^"'^ (g) (y^)®"*' for suitable r, and rUi this yields a tensor functor 

^- RePFj(~)) — > Fg((z))-Loc^a . 

Por every geometric point x of {Ti-^Y^^ with underlying analytic point x of Ti.^ we obtain a fiber 
functor Ix which associates to a representation of GL„ the fiber in x of the corresponding local 
system. Explicitly this means the following. To a representation p : GL„ — > Aut(M^) we associate 
the Hodge-Pink structure 

Hb,'r.{W) = {W0¥^'^{iz)),pib)-a,pi^,)pw) 



66 



where pw ■= W^f^(i^^))K{x)lz-Cj and 7^ is any element of GL„ (^(a;) ((z—(^))) with7a;-pv' — c\x- We 
further consider the associated pair {Vw, Qw,x) = ^(-^^6,70: (^)) of u-modules over k{x){^, z~^}. 
Then Qw,x is isoclinic of slope zero by Definition 3.1.5 and Theorem 2.4.7. By Corollary 1.7.6 
there exists a cr-module Nw over k{x){^) with Nw <8) k{x){^, z~^} = Qw,x- Its Tate module 
TzNw(^K{xy^^^ is a free FglzJ -module by Proposition 1.3.5. Now the fiber functor Ix associates 
to W the Fq((z))-vector space V^Nw ■= T^Nwinixf^P) ^Vglz} ^giiz))- Note that V^Nw does not 
depend on the particular choice of the lattice Nw by Corollary 1.7.6. Since the analogues in 
mixed characteristic of the pairs {V, Q) are the {ip, r)-modules over the Robba ring (also called 
p-adic differential equations) this gives the precise analogue of the conjecture of Rapoport-Zink 
in view of [6, Theorem C]. 

Theorem 3.4.2 (Analogue of the Rapoport-Zink Conjecture). 

There exists a faithful Fq{(z)) -linear exact tensor functor 

such that for every point x € the induced fiber functor Ix associates to the representation W 
of GLn the ¥q({z)) -vector space VzNw. 

Next we want to show that not only every point of H° is admissible but that the whole 
universal family {D, -Fd, q) over Tif, arises from a rigidified local shtuka with good reduction. For 
an admissible formal scheme X over Spf Fqs(((^)) we denote by the associated rigid analytic 
space over ¥qs and by Xq its special fiber X mod (. Recall the notion of etale covering space 
of from Definition A.4.1. 

Theorem 3.4.3. There exists a quasi-paracompact admissible formal scheme X over SpfFqs[[C]], 
such that its associated rigid analytic space X^^^ is an etale covering space tt : X"^ — > {H^Y^^, 
and a rigidified local shtuka [M, Fm,Sm) over X with constant z-isocrystal 

over Xo and Tr*q = cr*SM ° F^^ [M ^q^^^j Ox^slz — Q) inside 

a*SM{cT*M 0O^l,jOxr^4z - ai^]) = ^*^®F,.((.))Oxri4^-Cl[^] = 7r*p[^]. 

Moreover, one may choose X such that X"^ is the space ofFglzJ-lattices inside the local system 
Vq from Theorem 3.4- 1- 

Proof By Theorem 3.2.5, (H^)"^ is connected. Wc choose a geometric base point x G (H^)"^ 
and consider the continuous representation p : 7:f'(^{Ti'^)"'^,x) GL„(Fq((z))) induced by Propo- 
sition A. 4. 5 from the local system Vq on (Ti.'^)"^. It gives rise to a continuous representation 
of 7rf ((7^^)"s,x) on the discrete set GL„(Fg((z)))/ GL„(F42]) of lattices inside Vq. By The- 
orem A. 4.3 the later corresponds to (that is, it is trivialized by) a disjoint union Xx, of etale 
covering spaces vr : X^ (H^)"^ of (H^)"^. Hence there is a sheaf of c-modules over (|) 
contained in 7r*Q on which Fq is an isomorphism, such that tt*Q = N (8>o^^(|) Oxi^{^, z^^}. 
Now the assertion follows from Proposition 2.4.9. □ 

Remark 3.4.4. (a) This theorem is optimal since the Tate module 

T,M = ({M0Ox.^Azyiz^)f) 

of M is a local system of Fg[[z| -lattices on that satisfies TzM ®F qif^zf^ = 7r*VQ. Since 
in general the local system of Fg((2;))-vector spaces Vq contains Fq [2;] -lattices only locally 
we can expect the existence of M only on an etale covering space of (H^)"^ and not on 
(?i^)"g itself. 
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(b) The space X'''^ is the rigid analytic fiber of the deformation space of the local isoshtuka 
(D,F£)) studied in [31, 32]. We like to refer to this deformation space as a Rapoport-Zink 
space since its analogues in mixed characteristic were constructed by Rapoport-Zink [51] 
and are often called this way. The above theorem provides a (^-adic formal model of the 
rigid analytic fiber X"^ of the Rapoport-Zink space in mixed characteristic. 
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Appendix A 

Background from rigid analytic and 
Berkovich geometry 



In this whole appendix let again R D IFglCl be a valuation ring of Krull dimension one which 
is complete and separated with respect to the ("-adic topology. We do not assume that R is 
noetherian. Let L be the fraction field and rrii^ be the maximal ideal of R. 

A.l Rigid Analytic Spaces and Formal Schemes 

We do not intend to give an introduction to rigid analytic geometry here. We only want to explain 
the terminology used in this article and to direct the reader to further literature. 
The L-algebra 



is called the Tate algebra in n variables over L. It is noetherian and carries the Gaufl norm 
I/I := sup{|oj| : i € N^} with respect to which it is complete. The Gaufi norm is an L-algebra 
norm, that is it extends the valuation on L. An affinoid L-algebra is an L-algebra B which can 
be described as a quotient of a Tate algebra for some n. For every presentation B = L{y)/a the 
residue norm of the Gaul3 norm is a complete L-algebra norm on B. All these norms induce the 
same topology on B. More generally any L-algebra norm on B defining this topology is called an 
L-Banach norm on B. 

Now let B be an affinoid L-algebra. For any maximal ideal m C B the residue field B/m 
is a finite extension of L by [11, Corollary 6.1.2/3]. In rigid analytic geometry one equips the 
set SpB of all maximal ideals of B with a Grothendieck topology and a structure sheaf. One 
calls SpB an affinoid rigid analytic space. Every L-algebra homomorphism B ^ C induces a 

map SpC Spi? and these are precisely the morphisms between affinoid rigid analytic spaces. 
In the Grothendieck topology on Spi? any finite covering of Spi? by affinoid subdomains is 
admissible, where an affinoid subdomain of Spi? is an affinoid space Spi?' together with an 
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L-algebra homomorphism B ^ B' which identifies the set Spi?' with a subset U of SpS and 
which is universal for morphisms Sp A ^ Sp i? of affinoid rigid analytic spaces whose image lies 
in U . Now a rigid analytic space over L is a set X carrying a Grothendieck topology and a 
structure sheaf, such that X possesses an admissible covering by affinoid rigid analytic spaces. 
Rigid analytic spaces were invented by Tate [56]. Their theory is carefully presented in [11], see 
also [10]. 

Rigid analytic spaces can be viewed as generic fibers of certain formal schemes over Spf i?. 
See [EGA, I §10] for the notion of formal scheme. We let 

R{y) := R{yu ...,yn) ■= { ^ aif e L{y) : ai^R for all i G Nq" } . 

An admissible formal R-algebra is a flat i?-algebra which is a quotient of some R{y). An admissible 
formal scheme over Spfi? is a formal scheme over Spfi? which locally is i2-isomorphic to the 
formal spectrum of an admissible formal i?-algebra. For any admissible formal i?-algebra B° the 
L-algebra B := B°®rL is affinoid. The assignment Spf B° ^S^B can be globalized to a functor 

rig : {admissible formal schemes over Spf R} — > {rigid analytic spaces over L} . 

Under this functor all admissible formal blowing-ups are mapped to isomorphisms, where an 
admissible formal blowing-up of an admissible formal scheme X over Spf R is by definition the 
formal completion of a blowing-up in a coherent sheaf of ideals J' C Ox such that locally on X, J 
contains some power of After imposing some finiteness condition and localizing the category of 
admissible formal schemes over Spf R by the system of admissible formal blowing-ups the functor 
rig becomes an equivalence of categories (see Theorem A.2.4 for the precise statement). These 
ideas were introduced by Raynaud [52]. See [12] or [10] for a thorough introduction. 

A. 2 Berkovich Spaces 

There is yet another variant of rigid analytic geometry which remedies the problem that rigid 

analytic spaces are not topological spaces in the classical sense. The theory was developed by 
Berkovich [7, 8]. Let B be an affinoid L-algebra with L-Banach norm | . |. Berkovich calls these 

algebras strictly L-affinoid. 

Definition A. 2.1. An analytic point x of -B is a semi-norm | . |a; : i? — > M>o which satisfies: 

(a) \f + g\x <m.ax.{\f\x,\g\x} for all f,g e B, 

(b) \fg\x = \f\x\g\x ioT all f,geB, 

(c) |AU = |A| for all A G L, 

(d) \ . \x '■ B ^ IR>o is continuous with respect to the norm | . | on i?. 

The set of all analytic points of B is denoted A4{B). On A4{B) one considers the coarsest 
topology such that for every f ^ B the map M.{B) — > M>o given by x i— > \f\x is continuous. 
Equipped with this topology, M.{B) is a compact Hausdorff space; see [7, Theorem 1.2.1]. Such 
a space is called a strictly L-affinoid space. 

Every morphism : i? — > C of affinoid L-algebras is automatically continuous and hence 
induces a continuous morphism Ai{(p) : M.{C) M{B) by mapping the semi-norm C — >■ M>o to 
the composition B ^ C ^ M>o- By definition the M.{'^) are the morphisms in the category of 
strictly L-affinoid spaces. In particular, for an affinoid subdomain Sp-B' C Sp-B this morphism 
identifies M.{B') with a closed subset of M.{B). 
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For every analytic point x G A4{B) we let ker | . I^, := {b G B : \b\x = }. It is a prime ideal 
in B. We define the (complete) residue field of x as the completion with respect to \ .\x of the 
fraction field of S/ ker | . It will be denoted k{x). There is a natural continuous homomorphism 
B k{x) of L-algebras. Conversely let be a complete extension of L, by which wc mean a 
field extension of L equipped with an absolute value | . | : K ^ ]R>o which restricts on L to the 
norm of L such that K is complete with respect to | . | . Any continuous L-algebra homomorphism 
B ^ K defines on S a semi-norm which is an analytic point. 

Although n{x) is topologically finitely generated it may be quite large as one can see from 
example (d) below, which was communicated to us by V. Berkovich. 

Example A. 2. 2. We want to give some examples for analytic points in M.[B). 

(a) Every classical point x of the rigid analytic space Sp B defines an analytic point. Namely, 
x corresponds to a maximal ideal m^; C B and induces the semi-norm 



B — > S/m^ 



where | . is the unique valuation on the finite extension B/mx of L extending the valuation 
of L; see [11, Corollary 6.1.2/3]. Because of its finiteness over L the residue field B/vcix is 
already complete with respect to | . |a; and we have k{x) = B/vcix- 



(b) Now let B = L{yi, . . . ,yn) be the Tate algebra in n variables. By [11, Proposition 5.1.2/1] 
the Gaui3 norm | ^ Uiy- := sup{ \ai\ : i G N,^' } is a valuation on B and defines an 

analytic point in A4{B). 

(c) Again for B = L{yi, ... , yn) we let 6 = . . . , 6„) G (L^^^)"' with \hi\ < 1. We expand each 
f G B around b 

f = ^ aj (yi - biY' ■■■{yn- bnT^ with G L{bi, ...,bn). 

For every element t = (ti, . . . of the n-cube [0, 1]" we obtain an analytic point P = 
P{b,t) in M{B) by setting 

j/jp := sup{|a,|4i---C : i&K}- 

If b is fixed it is easy to see that this defines a continuous and injective map [0, 1]" — > 
A4{B), t ^ P(6, t) sending (0, . . . , 0) to the point corresponding to b as considered in (a), 
and (1, . . . , 1) to the point corresponding to the Gaufi norm on B. 

(d) Let B = L{y). We will exhibit an analytic point x G M.{B) with k,{x) = L the completion 
of an algebraic closure of L. 

Let Ln C L^^^ for n G No be a sequence of finite extensions of L with 

L = Lo C ... C Ln g Ln+i C ... C [J K = L^'P. 

neNo 

It is not hard to inductively choose a sequence a„ G Ln for n G N with L„ = L„_i(an) and 
\an-an-i\ <^ and |a„-an-i| < |7(am) - On 



for all 7 G Gal{L^^ /Ljn-i),'y 7^ id, and for all m = 1, ... ,n — 1. Then the limit a := 
limn^ooOn exists in L and satisfies \a — an\ < |7(cin) — o-nl for all 7 G Gal(L^*'P/L„_i] 
Let K := L{a) be the closure of L(o) inside L. 
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Wc claim that K = L. 

Proof. Consider the action of '■= Gal(L®'^P/L) on L induced by continuity from the 
fact that L^^^P is dense in L; see [11, 3.4.1/6]. We have if := {7 G : 7]/^ = id^} = 
Ga[{K^^P / K) for the separable closure K^^^ of K inside L since each element of Ga^X^^P/X) 
acts continuously with respect to | . |. We set M := (L'^'p)^ C K. Then Lc M = L'^'p n K 
and one easily sees that M is hcnselian with respect to | . | because K is complete. By the 

Ax-Sen- Tate Theorem [4, p. 417] we obtain K C = Mp^^^, the closure of the perfect 
hull of M. 

We show by induction that Un E M for all n G N. For each n there is an element 6„ G M^^^^ 
with I CL — 6^1 ^ |ci^-|-i — Q"n\- In particular |tijj — bji\ <! 17(^^71) — (^n\ for all 7 G Gal(-Zy^^P/-Zjjj_i). 
So by Krasner's Lemma [11, 3.4.2/2], o„ G L„_i(6„) C MP'^''^. Since a„ is separable over L 
we find a„ G M as desired. We conclude that L'^^p C M C K and L = = K. □ 

Now if S = -L(y) we obtain an analytic point x G M{B) with = L by mapping y to 

the element a G L constructed above. 

In [8, §1.2] Berkovich defines the category of strictly L-analytic spaces. These spaces are 
topological spaces which admit an atlas with strictly L-affinoid charts. Berkovich calls such a 
space good if every point of it has a strictly L-affinoid neighborhood. The good strictly L-analytic 
spaces are the spaces studied in [7], see [8, §1.5]. 

Definition A. 2. 3. In this article we want to refer to good strictly L-analytic spaces as Berkovich 
spaces. Also wc here use the term affinoid covering of a Berkovich space X for a covering 
of X by strictly L-affinoid subspaces Ui d X such that the open interiors of the Ui in X still 
cover X. 

The spaces M.{B) for affinoid L-algebras B are examples for Berkovich spaces. Other examples 
for Berkovich spaces arise from schemes Y which are locally of finite type over L, see [7, §3.4]. 
Namely if y = A" is affine n-space over L the associated Berkovich space Y^^ = (A^,)^"^ consists 
of all semi-norms on the polynomial ring L[xi, . . . ,Xn] as in Definition A. 2.1 (a) - (c). The space 
^^n-jan jg ^j^g union of the increasing sequence of compact polydiscs A4 (L(^?^, . . . , ■^^)) of radii 
(IC~"*|) ■ ■ ■ ) iC"™"!) for m G Nq. If y C A^ is a closed subscheme of affine n-space with coherent 
ideal sheaf J, the ideal sheaf v7C(a2)™ defines a closed strictly L-analytic subspace of (A^)*^". 
Finally, if Y is arbitrary and {Yi}i is a covering of Y by affine open subschemes then one can 
glue the associated strictly L-affinoid spaces Y-^" to the Berkovich space Moreover Y^^ is 

Hausdorff if and only if the scheme Y is separated, see [7, Theorems 3.4.1 and 3.4.8]. 

The relation between Berkovich spaces, rigid analytic spaces, and formal schemes is as follows. 
To every strictly L-analytic space X which is Hausdorff one can associate a quasi-separated rigid 
analytic space 

X"^ := {x e X : k{x) is a finite extension of L }, 

see [8, §1.6]. Recall that a rigid analytic space is called quasi- separated if the intersection of any 
two affinoid subdomains is a finite union of affinoid subdomains. To describe the subcategories on 
which the functor X 1-^ X^'^^ is an equivalence we need the following terminology. A topological 
Hausdorff space is called paracompact if every open covering {Ui}i has a locally finite refinement 
{Vj}j, where locally finite means that every point has a neighborhood which meets only finitely 
many of the Vj. On the other hand an admissible covering of a rigid analytic space is said to 
be of finite type if every member of the covering meets only finitely many of the other members. 
A rigid analytic space over L is called quasi-paracompact if it possesses an admissible affinoid 
covering of finite type. Similarly we define the notions of finite type and quasi-paracompact also 
for (an open covering of) an admissible formal i?-scheme. 
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Theorem A. 2.4. The following three categories are equivalent: 

(a) the category of paracompact strictly L-analytic spaces, 

(b ) the category of quasi-separated quasi-paracompact rigid analytic spaces over L, and 

(c) the category of quasi-paracompact admissible formal R-schemes, localized by admissible for- 
mal blowing-ups. 

Proof. It is shown in [8, Theorem 1.6.1] that X i— > X'^'s ig an equivalence between (a) and (b). 
The equivalence of (c) with (b) is due to Raynaud, see [10, Theorem 2.8/3] for a proof. □ 

Regarding paracompactness the following lemma will be useful. 

Lemma A. 2. 5. Let X be a Berkovich space over ¥q{{()). Assume that X admits a countable 
affinoid covering. Then X possesses a countable fundamental system of neighborhoods consisting 
of affinoid Berkovich subspaces. In particular if X is Hausdorff every open subset of X is a 
paracompact Berkovich space. 

Proof. It suffices to show that every member U = A4{B) of the countable affinoid covering of 
X has a countable fundamental system of affinoid neighborhoods. Since Fg((^)) is countable 
B possesses a countable dense subset {/jjieNo- For rational numbers r' > r we let V(fi;r,r') 
(respectively V{fi;r,oo)) be the strictly Fg((^))-affinoid subset of U on which K^l'' < < K^l'' 
(respectively < Note that if r = | and r' = ^ for integers c,c',d then V{fi;r,r') = 

M{B{Y, Y')/{ff - CY, ffY' - C')) . We claim that the countable collection 

e 

r\V{fi.;rj,r'j) for £ G No , i,- G No , r,- G Q , r^. G Q U {oo} , < 
i=i 

is a fundamental system of neighborhoods for U. Indeed, let V C U be any open subset and 
let xo E V. By definition of the topology on U there exist gi,...,g( G B and open intervals 
h, . . . ,Ii C M>o such that 

xq G {x eU : \gj\x € Ij ioT all j = 1, . . . ,£} C V . 

For all j we can find numbers rj , r^- G Q with r'j > rj and 

\9jUo e (icr^icp) c [icr^icp] c 

if \gj\xo > 0, respectively numbers rj G Q and r'j = oo with 

G [o,|CP) c [o,|CP] c 

if \gj\xo = 0. We may further approximate gj by some f^ such that [f^ — gj\ < ICT^ if 7^ oo, 
respectively — gj\ < ICT^ fj = oo. Then 

e 

is an affinoid neighborhood of xo contained in V as desired. 

If X is Hausdorff it remains to show that any open subset F of X is paracompact. For every 
point X (zV wc choose an affinoid neighborhood Vx CV from the coTintablc fundamental system 
of neighborhoods for X whose existence wc just have established. Then V is the union of the 
countably many compact sets Vx and hence paracompact by [13, Theorem 1.9.5]. □ 
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* 

A. 3 Etale Sheaves on Rigid Analytic Spaces 



A morphism j -.Y ^ X oi rigid analytic spaces over L is called etale if for every (classical) point 
y ^ Y the induced homomorphism of local rings Oxj{y) ^Y,y is flat and unramified. See [38, 
§ 3] for a thorough discussion of this notion. 

Let X be a rigid analytic space over L. We recall the definition of the etale site of X from de 
Jong, van der Put [38, § 3.2]. The underlying category of the site X^x is the category of all etale 
morphisms f :Y ^ X o{ rigid analytic spaces over L. A morphism from / to /' is a morphism 
g -.Y ^Y' such that f'og = f- The morphism g is automatically etale. 

Definition A. 3.1. A family of etale morphisms {gi : Zi ^ ^}ie/ is a covering for the etale 
topology if it has the following property: 

For every (some) choice of admissible affinoid covering Zj = [J^- Zi^j one has Y = 
\Ji j gi{Zij), and this is an admissible covering in the Grothcndicck topology of Y. 

Clearly any admissible covering of y is a covering for the etale topology. 

The property in Definition A. 3.1 is local on Y in the following sense: if y = |J is an 
admissible afiinoid covering, then {gi : Zi Y } is a covering for the etale topology if and only 
if for all I the same is true for the covering { gi : g^^{Yi) —>^Yi}. This implies that if {Zi ^Y} 
and { Wj J ^ Zi} for all i are coverings for the etale topology, then { Wjj- ^ F } is a covering for 
the etale topology. 

The category X^^ equipped with the family of coverings for the etale topology is thus a site, 
called the etale site of X. The sheaves on this site are called etale sheaves on X. 

Example A. 3. 2. The following are examples of etale sheaves of abelian groups on X which we 
will need in the sequel [f -.Y ^ X will denote a general object of X^i): 

(a) The structure sheaf defined hy Y ^ V{Y, Oy). 

(b) For any quasi-coherent sheaf of Ox-niodules on X we define the etale sheaf W{J-) on X^i 
by y ^ r(y, f*J-), where /* denotes the pullback of quasi-coherent modules. In particular, 
one has W(Ox) — Ga- Any etale sheaf W{J-') is a sheaf of Ga-modules. 

(c) For any group or ring A the constant etale sheaf Ax is defined by y i-^ n7ro{y) "^^i^re 
7ro(y) is the set of connected components of Y. (The restriction maps are the obvious ones.) 
If X is clear from the context we will also write A instead of Ax- 

As usual etale sheaves possess stalks at geometric points. Since in this article we are only 
interested in quasi-separated quasi-paracompact rigid analytic spaces X over L whose associated 
strictly L-analytic space X'^^ is good, that is a Berkovich space, we recall the definition only in 
this case. A geometric point x of X is a morphism x : SpK ^ X for an algebraically closed 

complete extension K of L. Here X K denotes the rigid analytic space over K obtained from 
X by base change; see [11, §9.3.6]. The geometric point x can be viewed as a morphism B ^ K 
for a suitable affinoid subdomain Spi? C X. Then the absolute value on K defines an analytic 
point X € ^A{B) which we call the underlying analytic point of x. We may even choose B such 
that M{B) is an affinoid neighborhood of x in X^'^^. If is a sheaf on X^t and a; is a geometric 
point of X the stalk Tx of at x is the inductive limit 

J=x := limjr([/) 

u 
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over all etale neighborhoods U of x, that is pairs (/, y) consisting of etale morphisms f : U ^ X 
and commutative diagrams 

SpK I^U^lK 




f 



Corresponding to the definitions of this section one can also define the etale site of a Berkovich 
space; see [8, §4.1]. For a paracompact Berkovich space X^^^ with associated rigid analytic space 
X one obtains a morphism of sites X — > X^^. The sheaves on X^x, we will meet in this article in 
fact come from sheaves on the etale site -^^f". However we have preferred to formulate our results 
with rigid analytic spaces since we believe that they are more widely known as Berkovich spaces. 
Anyway Theorem A.2.4 allows us to use both rigid analytic and Berkovich spaces whichever is 
more convenient. 

^ 

A. 4 The Etale Fundamental Group 

In this section we want to recall de Jong's [37] definition of the etale fundamental group of a 
rigid analytic space X. Here again there is the corresponding definition for Berkovich spaces. We 
restrict ourselves in this section to the case where X is quasi-separated and quasi-paracompact 
and its associated strictly X-analytic space X^ is good. We call the points of X^^ analytic points 
of X. Since X^'^^ is assumed to be good every analytic point x oi X has a fundamental system of 
neighborhoods consisting of afiinoid subdomains Spi? C X such that M.[B) is a neighborhood 
of X in X^. 

Definition A.4.1. Let tt : F ^ X be a morphism of rigid analytic spaces over L. Y is called an 
etale covering space of X MY is quasi-paracompact and if for every analytic point x X there 

exists an affinoid subspace SpS C X such that M.{B) is a neighborhood of x in X*^" and such 
that y Xx Spi? is a disjoint union of affinoids mapping finite etale to Spi?. The category of etale 
covering spaces of X is denoted Cov ^^. 

All etale covering spaces are coverings for the etale topology in the site X^^; see Defini- 
tion A.3.1. The reader should not confuse the concepts of etale covering spaces and coverings for 
the etale topology. Note that the strictly L-analytic space associated to an etale covering space 
of X is again a Berkovich space. 

In order to define the ctalc fundamental group let x : Sp ^ X (8)^ K he a geometric point of 
X. As in [SGA 1] consider the fiber functor at x 

Ft - Coyf — ^ Sets, F|*(7r:y^X) := {y : Sp K ^ Y K with ir o y = x} 

to the category of sets. 

Definition A. 4.2. We define the etale fundamental group as the automorphism group of F|* 

7rf{X,x) := Aut(F|*). 

It is topologized by considering as fundamental open neighborhoods of 1 the stabilizers Stabx',^' 
in 7r|*(X, x) of arbitrary geometric points x' above x in arbitrary etale covering spaces X' G Cov y . 

The etale fundamental group classifies the etale covering spaces in the following sense. Let 
7rf*(X, x)-Sets be the category of discrete sets endowed with a continuous left action of 7rf*(X, x). 
If F G Cgvx then F|*(y) naturally is an object of 7rf* (X, x)-Sets. The following theorem is due 
to de Jong [37, Theorem 2.10 and §5] 
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Theorem A. 4.3. The fiber functor 



Ff ■■ Cgvf — ^ 7rf (X,x)-Sets 
is fully faithful, and extends to an equivalence of categories 

{disjoint unions of objects of Cov ^} — > irf'lX, a;)- Sets 
Connected coverings correspond to Trf'{X,x)- orbits. 

We finally want to define the notion of local systems of Fg((2;))- vector spaces. 

Definition AAA. We define a local system ofWqlzj-lattices on X as a projective system !F = 
{^n-,in) of sheaves JF„ of Fg|z]]/(z")-modules on X^^ such that Tn is a locally constant free 
Fq[z]]/(z")-module of finite rank and i„ induces an isomorphism of sheaves of Fq|[z]/(2;"~^)- 
modules 

i„ (g) id : JF„ ^ y^lzlKz^) ^ ^n-i ■ 

(Of course locally constant means locally for the etale topology.) The category Fg|2:|- Loc _Y of 
local systems of Fg|2;]| -lattices with the obvious morphisms is an additive FglzJ -linear rigid tensor 
category. If x is a geometric point of X we define the stalk Tx of .F at x as 

•Fx '■— lim(.F xi^xi ^n) ■ 

It is a finite free F^Jzl-module. Starting from Fg[[2:| -lattices one defines local systems of ¥q{(z))- 
vector spaces as in [37, §5]. In concrete terms this means that a local system of ¥q{{z)) -vector 
spaces on X is given by the following data 

V = {{Ui^X},J'i,ipij) 

where 

• {Ui X} is a covering for the etale topology on X, 

• !Fi is a local system of Fg|2;| -lattices over Ui for each i, 

• for each pair i,j, ipij is an invertible section over Ui Xx Uj of the sheaf 

Homp^j^|_Loc^(j"i|t/^Xxt/j , FjllAxxUj) <^F,H ^q{{z)) ■ 

These data are subject to the cocycle condition pr*j{ipij) ° prjj^i^Pjk) = pi'lki^ik) on the triple 
product Ui Xx Uj Xx U^. A refinement of the covering gives by definition an isomorphic object. 
Therefore morphisms V ^ V' need only be defined for systems given over the same covering 
{Ui X}. In this case (after possibly refining the covering {Ui — > X} further) such a morphism 
is defined by a collection of sections ipi of the sheaf Homp^i^j-Locjf (-^ii-^i) "^Fglz] ^qii^)) over Ui 
satisfying ip'^j opr*{ipi) = pr*{ipj) o ipij over UiXxUj. 

If X is a geometric point of X we define the stalk Vx of V at x as follows. Choose a lift y of x 
in some Ui and put 

Vx ■■= ^iF^H IFg((2)) • 

One easily verifies that Vx is a well defined finite dimensional Fg((z))-vector space. 

The local systems of Fq((2;))-vector spaces form a category Fq((2;))-Loc^. It is an abelian ¥q{(z))- 
linear rigid tensor category. The theory of these local systems parallels the theory of local systems 
of Qp-vector spaces developed in [37] . In particular there is the following description where for a 
topological group G we denote by Rep „ „G the category of continuous representations in finite 
dimensional Fg((z))-vector spaces. 
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Proposition A. 4. 5. (Compare [37, Corollary 5.2].) For any geometric point x of X there is a 
natural ¥q([z))-linear tensor functor 

ws- Fq((z))-Loc^ ^ Rep^^^(,))(7rf(X,x)) 

which assigns to a local system V the Trf^{X,x) -representation Vx. It is an equivalence if X is 
connected. 

Correspondingly one can define the category Fg((2:))- Loc Yan of local systems of Fg((2;))-vector 
spaces on the Berkovich space X^^ associated to X as in [37, §4]. 

Proposition A. 4.6. (Compare [37, Proposition 5.1].) There is a natural tensor equivalence of 
categories Fg((z))-Locxan — > Fq((z))- Loc Y- 

Proposition A. 4. 7. (Compare [37, Corollary 4-4]-) ^ local system of ¥q({z)) -vector spaces V 
on X can always be given as V = ({C/j — > X},J^i,ipij^ where the Ui are affinoid subdomains 
of X and the associated Berkovich spaces Uf^ form an affinoid covering of X^^ in the sense of 
Definition A. 2. 3. 

A. 5 An Approximation Lemma 

The following lemma generalizes the fact that L^^p lies dense in L^'^. 

Lemma A. 5.1. Let B be an affinoid L-algebra and let x G ^A{B). Then to any given b G k{x)^^^ 
and £ € M>o there exists an affinoid neighborhood Ai(^B') of x, a finite etale B' -algebra C such 
that M.{C) contains a unique point y above x, and an element c E C with \b — c\y < e. 

Proof. By [11, 3.4.1/6], n{xY^'^ is dense in nixY^^. So we find an element b' G k{xY^'^ with 
1^ ~ b'\x < ^- Consider the minimal polynomial / = + a'^_iX^~^ + . . . + Oq of 6' over k{x). 
Since = Frac(i?/kcr | . l^)^ we may approximate the a'^ by elements en G Frac(i?/ker [ . \x) 
and replace them by the a^, neither changing the separability of K{x){b') over n{x) nor the 
inequality \b — b'\x<£. We also may assume that / remains irreducible over k{x) since otherwise 
we replace it by an appropriate irreducible factor and repeat the approximation. Consider the 
smallest common denominator d in i?/ker \ .\x of the aj and lift it to an clement d E B. The Zariski 
closed subset on which d vanishes does not contain x. Hence there is an affinoid neighborhood 
M.{B') of X on which d is invertible. We obtain Oj G 5'/ker | . j^;. Choose lifts aj G B' of and 
let C be the finite S'-algcbra B'[X]/{X'^ + a„_iX"-^ + . . . + Qq). The Zariski closed subset of 
AA{B') above which C is not ctalc does not contain x. So we may shrink M{B') to an affinoid 
neighborhood of x above which C is finite etale. By construction there is exactly one point in 
M.{C) which maps to x. Putting c = X the lemma follows. □ 

For further reference let us record a consequence of [38, Lemma 3.1.6]. 

Lemma A. 5. 2. Let B he an affinoid L-algebra and let x G ^A{B). Consider a finite B -algebra 
C such that there is precisely one point y G A4{C) in the fiber over x. Let A4(C") be an affinoid 
neighborhood of y in Ai{C). Then there exists an affinoid neighborhood M{B') of x in Ai{B) 
such that M{B' ®b C) is an affinoid neighborhood of y contained in M{C'). 
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A. 6 An Extension Lemma 



We introduce the following notation in the formal setting. Let B° be an admissible formal R- 
algebra (A.l) and let B = B° L be the associated afhnoid L-algebra. Wc equip B with an 
L-Banach norm | . | such that B° = {b ^ B : \b\ < 1}. We denote by B the ii/niij-algebra 
B°/{b e B° : \b\ < 1}. We define the 5°-algebras 

oo 

B°{z) = { ^ biz' : bi G B°, \bi\ ^ (i ^ oo) } and 

1=0 
oo 

B°{z, z-^) = { biz' : bi e B°, \bi\ ^ {i ^ ±oo) } . 

j=— oo 

We denote by an over-bar the reduction modulo mji, for example B°{z) = B[z\. 

Note that wc do not assume that B° is noetherian. For the notion of coherent sheaf in the 
non-noetherian case sec [EGA, §5.3]. 

Lemma A. 6.1. Let M be a coherent sheaf on Spi B° (z) . Then Ai is locally free if and only if M. 
is fiat over Spf B° and for every maximal idealm of B° the {B° /m){z\-module M.®b°{z) 
is free. 

Proof. Since one direction is obvious we will now assume that M. is flat over Spf B° and that 
M. ®B°{z) is locally free for each maximal ideal m of B°. We must show that for any 

maximal ideal n of B°{z) the S°(2;)„-module M.n is free. Set m := n fl B° . Since n is maximal 
we have mR C n. Consider the ideal n = n/miiB° {z) C B[z\. Since B is of finite type over the 
field R/mji, it is a Jacobson ring. Hence m := nPl = m/mjiB° is a maximal ideal of B by [24, 
Theorem 4.19] and so m is a maximal ideal of B°. 

By assumption the B°(z)„/m-B°(2;)n-module Mn/^-Mn is free. Lifting a basis to M.n we 
obtain an exact sequence of S°(z)„-modules 

O^C ^ B°{z)f ^ Mn^O, 

which is exact on the right by Nakayama. The kernel C is coherent by [EGA, Corollaire 0.5.4.3]. 
Since Mn is flat over B^ we find C = tnC, whence C = again by Nakayama. This shows that 
Mn is free as desired. □ 

Lemma A. 6. 2. Let X be a quasi-compact admissible formal scheme over Spf R with associated 
rigid analytic space Xl over L. Let N be a finitely generated free sheaf on X Xgpf a Spf R{z, z~^), 
let Ml be a locally free coherent sheaf on Xl x l 'S>pL{z), and let 

^p: M<^Ox{z,z--^)Oxl{z,z-^) ^ Ml<^Oxl{z)'^Xl{z,z-^) 

be an isomorphism. Then there exists an admissible blowing-up t[ : X' ^ X such that Ml and 
Af extend to a locally free coherent sheaf M' on X' x^piR Spf R{z) with the following property: 
For any morphism f3 : Spf C° X' of admissible formal Spf R-schemes we have 

T(SpiC°{z) , P*M') = T[SpC° ®rL{z) , I5*Ml) r\ T(SpiC°{z,z-^) , f3*T:*M) 

inside r(SpC° ®r L{z, z~^) , I3*Ml) ■ This property uniquely determines A4' ■ 

Proof. In view of the uniqueness assertion the problem is local on X. We use Lemma 1.2.8 to 

produce an affinoid covering of Xl over which A4l is free. By [12, II, Theorem5.5] this covering 
is induced by an open affine covering of X after replacing X by an admissible blowing-up of X. 
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Thus we may assume that X = Spf i?° is afhne and M.^ is associated with a free i?(2;)-module 
Ml. We identify M with its image under tp. Let m = (mi, . . . , m^) be a basis of M^. Let be 
the B°{z, 2~^)-module associated with M. After multiphcation with a power of C we may assume 
that the belong to A''. We will show that the intersection M = Ml n N inside Ml B{z, z~^) 
is a coherent i?°(z)-module with M <S>b°(z) B{z) = Ml and M ^b°{z) B°{z, z^'^) = N. 

Let n = (ni, . . . ,71^) be a basis of the 2:~^)-module N. The isomorphism between Ml 

and N yields a matrix U G GL^(5(z, z~^)^ with n = rnU, that is = Uijirii. We can write 
U = z-^U' + U" for U" e Me{CB°{z,z-'^)), a e Z, and U' G M£(5[z]). Since G we have 

U-^ G M4B°(^,z-1)) and U'^U' = z" {Ide -U'^U") G GU{B°{z, z'^)) . 

By [11, Lemma 9.7.1/1], det?7' G = B"" ■ B° {z, z'^)'' . So we may write det i7' = 6 ■ / 

with b e B"" and f e B°{z, z'^)^. We define the basis n' = {n[, . . . , := nU-'^U'f-^ of A^. 
Then n' = rnU'f~^. Considering the adjoint matrix (U')^'^ of U' one sees that 

([/')-!/ = 6-i(c/')^ = (c/-ic/')~^t/-V G M^sfz] ns°(z,z-i)) = m4s°[z]). 

Moreover, there exists an integer e such that U' G M£((^^S°[2;]) . 

Now let m G M = Ml^N . Then m = m-x = n' -y for vectors x G B{zY and y G B°{z, z~^y. 
From the equations x = U'f^^y and y = (U')~^fx we derive x G (C'=B°(z)) and y G 
Thus M equals the intersection 

e. I 
M = QB°{z)Cmi n 0S°(^)n;. (A.l) 
i=i j=i 

inside 0^=1 n^-. By [12, I, Proposition 1.3], B°{z) is a coherent ring. Hence M is a 
coherent B°(2:)-modulc by [EGA, Corollaire 0.5.3.6]. Since m and n' f = mU' belong to M and 
form bases of Ml and A^ respectively, we find Mi^b°{z) B{z) = Ml and M®b°{z) B°{z, z^^) = N. 
Let A4 be the coherent sheaf on Spf associated with M. By [12, II, Theorem 4.1] there 

exists an admissible blowing-up tt : X' ^ Spf B° such that M' := 7r*A^/(C-torsion) is a coherent 
sheaf on X' XspfR Spf i?(2;) which is flat over X'. To show that M.' is locally free we need the 
following lemma. 

Lemma A. 6. 3. Let L' be a finite extension of L with valuation ring R' . Let C° be an admissible 
formal R' -algebra and let C := C°i^r/L' be the associated affinoid L' -algebra. Let (3 : Spf C° X' 
be a morphism of formal Spi R-schemes and let Pl '■ SpC — > X'j^ be the associated morphism of 
rigid analytic spaces. Then 

T {Spf C°{z), (3* M') = Ml®b{z)C{z) n N ®b°^z,z-^^C°{z,z-^) . 

Proof of Lemma A. 6. 3. We translate the equation (A.l) describing M into the following exact 
sequences of coherent -B° (2;)-modules 

I e 
^B°{z)Cmi 0i?°(z)Cn;. Wi 0, 



0B°(z)n;. ^ ^B°{z)Cn'j W2 0, 

j=i j=i 



M ^ ^B°{z)Cn'j ^ Wi®W2 ^ 0. 
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We tensor with C° {z) over B° (z) and obtain the following commutative diagram with exact rows 



— -©c^°(^)C^ 



i=l 



i e 
0^ ^C{z,z-^)Cmi ^C{z,z-')Cn'j 



0C°(z)Cn;. Wi0Bo(z) C°{z) ^0 



(A.2) 



i=l 



Here the injectivity of the vertical arrows shows that the upper row is also exact on the left. 
Similarly we find that the sequence 



^ ®C°{z)n'^ 



QC°{z)Cn'j W2®Boiz)C°{z) > (A.3) 



is exact. Consider the commutative diagram with exact first row 

e 

O^V^ M®B°{z)C°{z) ^^C°{z)Cnj^{Wi®W2)(^B^{z)C°{z)^Q (A.4) 



/ 



M ®Bo{z) C{z) 



M®B-{z) C{z,z 



r 

■®C{z)Cn'^ 

r 

:0C(z,z-i)Cn;. 

i=i 



The equality in the last row follows from the fact that M®b°{z)B{z^ z ) = z )C,^n'y 

The vertical map g is injective because M <^b°{z) C{z) = Ml ®b{z) C{z) is flat over C{z). Let 
(^{Tr*M) be the C-torsion of Tr*M. The sequence 







P*^{tt*M) ^ (3*Tr*M ^ P*M' ^ 



is exact on the left since M' is flat over X'. We obtain the following commutative diagram with 
exact rows 

0^ r{SpiC°{z), l3\{Tr*M)) M^B^iz) C°{z) ^ r(Spf C°(^) , ^0 







> M^Bo{z) C{z) r(SpfC°(z), /?*M') ®c°C ^Q. 

The second row is exact since /3*^(7r*A^) ®c° C = 0. The vertical map on the right is injective 
since (3*M' is fiat over C°{z). We conclude that 



V = ker/ = r(SpfC°(z), /3*^(7r*7W)) 



and 



r(SpfC°(z),/3W) = M®B^^z)C°{z)/V = Ml®b(z)C{z) n N®B'>{z,z-^)C°{z,z-^) 
as claimed. □ 
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Proof of Lemma A. 6. 3 continued. To finish the proof we wih show that M' is locally free on 
^' XSpfi? Spf using Lemma A. 6.1. Let x G X' be a closed point with residue field k{x). We 
have to show that M' ®Oxi{z) ^ ^^^^ /«(x)[z]-module. By [12, I, 3.5 and 3.2] there exists 

a valuation ring R' of dimension 1 extending R whose fraction field is L' is a finite extension of 
L, and a morphism of formal schemes (3 : Spf R' X' which makes the residue field k' of R' into 
a finite extension of the residue field n{x) of x. By faithfully flat descent [EGA, IV2, Proposition 
2.5.2] it suffices to show that f3*M' ®ri k' is a free module over R' {z) ®ri k' = k'[z]. We put 
M^, := T{SpfR'{z) , 13* M') and iV^/ := r(Spf z^^) , /?*7rW) and consider the restriction 
map 

Mr' — > r{SpfR'{z,z-^) , ^*M') = Nr,. 

We claim that the induced morphism M'j^, /xriRiM'j^, — ^ Nr/ /xxir/Nr/ is injective. Indeed M^, n 
mR'NRi = mij'Mjj, since by Lemma A.6. 3, M^, = Nr> n Ml 0b(z) L' {z) and Ml® b{z) L' (z) = 
xttR' ■ Ml ®b{z) Hence M^, 0r' k' C Nr' iSir' k' and since N'p^, ®ri k' is a torsion free 

A;'[z]-module, the same is true for Mjj, iSir' k' . We conclude that (3*M' ®ri k' is a free A;' [z] -module 
as desired. □ 

We will apply Lemma A. 6. 2 in Section 2.4 to extend fi-modules over rigid analytic spaces to 
formal models. For this purpose let us introduce the following i?°-algebra 

00 

B°lz,z-^) = { Y^hz': bieB°,\bi\^0 {i^-oc)}. 

i=—oo 

Note that -B°|z] (8)^° B is strictly contained in the S-algebra B{z} defined in Section 1.1 since 
for any element ^ of i?°|[2;]] ®b° B the sequence is bounded. In contrast this is not true 
in B{z}. With this notation we may deduce from the proof of Lemma A. 6. 2 also the following 

Lemma A. 6.4. Keep the situation of Lemma A. 6. 2. If in addition we are given morphisms 

Fml ■ (^*Ml <8)b(z) B{z} — > Ml <2>b°(z) B{z} and 
Fm: a*J\f®B'^(z,z~^)B°[z,z-^) M ®bo(z,z-^) B°lz,z-^) 

with if o F/v" = ^Ml ° <^*^ then there exists a uniquely determined morphism 

Fm'-(^*M'®Ox,^,)Ox'Iz\ M' ®Ox,^,)Ox'lz\ 

of sheaves of Ox'\z\-modules on X' extending Fj^^ and Fj^. 

We start the proof with the following 

Lemma A. 6. 5. In the situation of Lemma A. 6. 3, r(Spf C°(5;) , I3*M') ®c°{z) C°\z\ equals the 
intersection 

Ml ®b(z) (C° W C) n N ®bo(z,z-^) C°lz, z-^) 
inside Ml ®b{z) [C°\z, z'^) ®c° C) . 

Proof. This follows literally as in the proof of Lemma A. 6. 3. One only replaces C°{z) by C°[2;]], 
C{z) by C°lzj C, and C{z, z'^) by C°[z, z^^) C. □ 

Proof of Lemma A. 6. 4. We continue with the notation introduced in the proof of Lemma A. 6. 2. 
In particular Ml = ^^B{z)mi and = B° {z, z^^)nj. The bases m = {nii, . . . ,me) and 
n' = (n'^,...,n^) are related by n' = m U'f~^ and m = n'{U')~^f where / G B°{z, z~^)^ , 
U' e Me{CB°[z]), and {U')-^f G Me{B°[z]). 
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Let -Fyur ((7*171) = m $ and Fj^{a*n') = n'l' with <I> € Mi{B{z}) and * € Mi{B°lz, z'^)) . 
From the compatibihty relation 99 o Fj\f = J-'ml ° we deduce 

$ = u'f-'-^{{U')-'fy e Me{B{z}nCB°lz,z-')) C Me{B°lz}^Bo B) . 

So if ^ : Spf C° ^ X' is an affine open subset and m G r(Spf C°(2;) , a*M') ®c°{z) C°14 then 
FM^(m) G ML'SiB{z){C°lzjiSic°C) and FM{m) G AT^bo^^.^,-!^ C°|[z, Using Lemma A.6.5 
we obtain the desired morphism 

Fm: r{SpfC°{z),a*M')^co(z}C°lzj r(Spf C°(z) , A^') c° W • 

□ 
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